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INTRODUCTION. 



ON VULGÄR FRACTIONS. 

Article 1. Xfraction is a quantity which repre- 
sents a part or parts of an integer or whole. 

(2.) A simple Jraction consists of two members, the 
immerator and the denominator ; the denominator 
shews into how many equal parts the whole, or unity, 
is divided ; and the numerator, the number of those 
parts taken. The numerator is usually placed over 
the denominator with a line between them. Thus, 

- 5 two thirds, signifies that unity is divided into three 

equal parts, and that two ofthose parts are taken. 

It must be observed, that we suppose every integer 
to be divisible into any number of equal parts at 
pleasure. 

(3.) A proper Jraction is one whose numerator is 

less than it*s denominator, as - . 

8 

(4.) An improper Jraction is one whose numerator 

6 7 
is equal to, or greater than it's denominator, ^s g ; - . 

A (5.) A 
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(5.) A Compound fraction is a fraction of a fraction^ 
as 2 ^^ ß ^ where s is the whok quantity of which - 

is to be taken ; also, - of - of — , is a Compound 

'3 5 ' 11 ' ' ^ 

fraction; &c. 

(6.) A quantity consisting of a whole number and 

3 
a fraction is called a mixed number. as 7 ~ ^ which 

' Mo' 

3 
signifies 7 integers together with — of an integer. 

(7.) Cor. 1. Every integer may be considered as 
a fraction whose denominator is 1 ; thus 5, or five 

Units, IS -^ . 

(8.) Cor. 2. To multiply a fraction hy any number, 
multiply the numerator hy that number and retain 

the same denominator. Thus, — multiplied by 7 is 
— . For, the unit, in each of the fraction« -— and 

lo 15 

—- , is divided into 1 5 equal parts, and 7 times as 
15 

many of those parts are taken in the Jatter case as in 

the former. 

(9.) Cor. 3^ To divide a fraction by any number, 

multiply the denominator by that number and retain 

3 . . .3 

the same numerator. Thus, - divided by 4 is r- . 

For, the unit being divided into four times as many 

3 3 ' ' 

equal parts in — as it is in - , each of the parts in the 

latter case is four times as great as in the former, and 

the 
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the same number of parts is taken in both cases ; 
therefore the former fraction is one fourth of the latter. 

(10.) A simple fraction may be considered as repre- 

flenting the quotient arising from the division of the 

3 
numerator by the denominator ; thus the fraction ^ 

3 
represents the quotient of 3 divided by 4 ; for 3 is -• 

3 

(Art, 7), and this divided by 4 is the fraction •- 

(Art. 9). If the integer be supposed a pound^ or 
twenty Shillings^ - of £Ay which is 15 Shillings, is 

1 

equal to - o( £3, which is also 15 Shillings. 
4 

(11.) If the numerator and denominator of a fraction 
be both multiplied by the same number, it's value is 
not altered. For, if the numerator be multiplied by 
any number^ the fraction is multiplied by that num- 
ber (Art. 8) ; and if the denominator be multiplied 
by the same number, the fraction is divided by it 
(Art. 9) ; and if a quantity be both multiplied and 
divided by the same number, it*s value is not altered. 

5 15 150 

Thus, r- = — = i &c. Hence, if the numerator 

14 42 420 

and denominator be böth divided by the same num- 
ber. it*s value is not akered ; since = -rr = r^ *• 

' 420 42 14 



* To avoid repetition« the Reader is referred to tbe fint sectiori 
of <the Algebra, for the ^xplanation of the signs +» — ^ x, 
mnd =:• 

A3 ON 
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/ 

ON REDUCTION. 

The Operation by which a quantity is changed from 
one denomination to another^ without altering it's 
value, is calied Reduction. 

(12.) To reduce a wHble nümher to^afraction 
with a given denominator. 

~ Multiply the proposed number by the given de- 
nominator, and the product will be the liumerator of 
the fraction required. 

Ex. Reduce 5 to a fraction whose denominator is 6. 

This is — ^ — or ^ ; because 5 may be coqsidered 

5 
as a fraction - (Art. 7), the numerator and denomi- 
nator of which are inultiplied by 6, therefore it's 
value is not altered. (Art. 11). 

(13.) To reduce a mixed number to an improper 
fraction. 

Multiply the integral by the denominator of the 

fractional part, to this product add the numerator of 

the fractional part, and make if s denominator the 

denominator of the sum. 

4 
Ex. 1. Reduce 7 - to an improper fraction. 

4 . , 3Ö + 4 3Q ^ 

The quantity 7 r is equal to -— — = "X » ^^^ ^ 

35 . 4 

(by the last Art.) is equal to *— , and if to this - be 

39 ~ 
added. the whole is -—- . 

_ 



;■ ' 9 2Ö3 + 9 262 

Ex. 2. Also, 23 ^^ = — j~ = — 



(14.) To 
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(14.) To reduce an improper fraction to a mixed 
number. 

Divide the numerator by the denominator for the 
integral part, and make the remainder the numerator 
of the fractional part, and the divisor it's denoniinator. 

Ex. Reduce -— to an improper fraction. The 

QQ A 

fraction -~- = 7 -. ; because the unit being divided 
ö 5 

into 5 parts, 39 such parts are to be taken, that 19^ 

7 Units and 4 such parts. 

(15.) To reduce a Compound fraction to a simple 
one, 

Multiply all the numerators together for a uew 
numerator, and all the denominators for a new 
denominator. 

Ex. 1. - of ~ = — ; for, one third of - is -- , 

(Art. 9) ; therefore two thirds, which must be twic^ 

as great, is -- (Art. 8). 

Ex. 2. - of S = - of »- = — . 

4 4 14 

Mixed numbers must be reduced to improper fi-ac- 
tions, before the rule can be applied. 

x^o^r^n^l 10 ^^1 10. 37 

Ex. 3. - of - of 3 — ^ — of 3 -- = — of — ' 

8 9 12 72 12 72 12 

_ 370 

"■ 8Ö4 • 

(16.) To reduce a fraction to lower terms. 
Whenever the numerator apd denominator of a 
fraction have a common measure (or number which 
^ivides each of them without remainder) greater than 

utiity, 
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unity, the ftaction may be reduced tö lower terms, by 
dividing both the numerator and denominator by thi» 
common measure. 

105 21 .*. 

Ex. — — is reduced to — , by dividing both the 
130 . 24' '^ ^ 

numerator and denominator by 5 ; and — is again 

7 
reduced to ^ , by dividing it's numerator and denomi- 

o 

nator by ,3. That the value of the fraction is not 

altered; appears from Art. 11. 

T ,. l68 84 28 4 

In the same manner. = — r = tt: -= r • 

' 210 105 35 5« 

(17.) The greatest common measure oftwo num^ 
hers isjbund hy dividing the greater hy the lesSy and 
the preceding divisor by the remainder, continuctUy, 
tili nothing is left : the last divisor is the greatest 
common measure r^quired. 

To fincj the greatest common measure of 1 89 and 

334. 

189)224(1 

189 

I 

35)189(5 

14)35(3 
38 



7)14(3 
14 



By proceeding according to the ruie, it appears that f 

i is 
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is the last divisor, or the greatest common measure 
sought. The proof of this rule will be given hereafter*. 

(18.) AJraction i» reduced to ifs lowest ferm^, hy 
dividing ifs numerator und denominator by their 
greatest common measure. 

385 . 
Ex. To reduee ^ — rr to it s lowest terms. 

396 

By the last Art. the greatest common measure of 
the numerator and denominator is found to be 1 1^ and 

therefore — ^ is the fraction in it's lowest terms. 
3o 

Cor. If unity be the greatest common measure of 
the numerator and denominator^ the fraction is in ifs 
Jowest terms. 

(19.) To reduee fractions to a common denominator. 

Having reduced, if necessary, Compound fractions to 
simple ones, and mixed humbers to improper fractions» 
multiply each numerator by all the denominators 
except it*s own, for the new numerator, and all the 
denominators together för a common denominator. 

Ex. 1 . Reduee - • - and - to a common dc- 

2' 3 4 

nominator. 

1 x3x4 2x2x4 ^ 3x2 x3. 12 16 ,18 
27T74 ' 27jr4 ' ^"""^ 273T4 ' '''' 24 ' 24 '''''* 24 

are the fractions required. These fractions are re- 
spectively equal to the former, the numerator and de- 
nominator in each case, having been multiplied by the 
same numbers, namely, thp denominators of the rest. 
1x3x4 _ 1 2x 2x4 _ 2 , 3x2x3 _ 3 

2x3x4 "" 2 * 2x3x4 ""ä'^" 2x3x4 ""4* 

Ex. 2. 

* Art, 90. 
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2 3 1 

*Ex. 2. Reduce ^ of - and 4 - tb a common 

5 4 3. 

denomin^tor. 

These are — and — , or , — and — ; therefore 

-^ and -^ are the fräctions required. 
30 30 ^ 

(20.) If the denoptinator of one of two fräctions 
contain the denominator ofthe other a certain numbe;r 
qftimes exactty^ multiply the numerator and denomi^ 
nator of the latter hy that numher^ and it will be 
reduced to the ^ame denominator with the former. 

5 2 . ' 

Ex. Reduce — and - tö a common denominator. 

12 3 

V Since 12 contains 3 four times exactly, multiply 

2 

Hboth the numerator and denominator of - by 4^ and 

8 . . . 

it becomes — , a fraction having the same denom^- 

nator with ^- . 

13 

(^21.) Cor. By reducing two fräctions to a common 
denominator their values may be compared. 

4 7 ' 

Thus, - and ~ when reduced to a common deno- 

7 12- 

48 49 

m'mator are ■— and.-^ ; that is, the fräctions have 

o4 84 

the same relative values that 48 and 49 have. 

(22.) Toßnd the value of a fraction of a proposed 
denominationj in terms of a lower denomination, 

Multiply 
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Multiply the fraction by the jiumber vof integers of 
the lower (lenomination contained in one integer of 
the higher, and the product is the value required. 
The value of any fractional part of the lower denomi- 
nation may be obtained in the same manner, tili we 
come to the lowest, 

. Ex. 1 . What is the value of - of a pound ? 

5 5 '5 20 . . 

First z of£' 1 is - of 20 Shillings, or - of —-Shillings 
7 7 . ° 7 1 

100 2 . 

= — - = 14- shiUings; 

Next, - of a Shilling = z of — pence = — r pence = 

3 - pence ; 

3 3 .34 

Lastly, - of a penny = - of 4 farthings = - of -- , or 

— farthings = l - farthings : hence, - of a pound is 

H : 3 : 1 -. 
7 

The Operation is usually performed in the following 
manner : 



<£.S. 
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^ Ex. 1 . What fraction of a pound is - of a Shilling ? 

... 1 2 . 

1 Shilling is r- of a pound, therefote - ot 1 Shilling 

2 1 2 1 

^8 o of ;:;: öf a pound, or tt- = r- of a pound. 

3 20 ^ ^ 6o 30 ^ 

•\ 

Ex, 2. What fraction of a yard is - of an inch ? 

1 5 5 

1 inch is ^ of a yard, therefore - of an inch is - 

1 5 

^36 ^^^ ^^^^' ^^ 262 ^^^ y^^' 

.... 4 

Ex. 3. What. fraction of a guinea is - of a pound ? 
1 pound is -— of a guinea (Art. 24) ; hence, - of a 

j . 4 -.20 -. . 80 -. 

pound IS — of — of a guinea, or —- of a guinea. 



ADDITION OF FRACTIONS. 

(26.) If fractions have a common denominator^ 
their sum is found hy taking the sum oftUe rmmera- 
tors, and subjoining the common denominator. 

12 3 . . . 

Ex. - + - == ^. For,^ if 2^n integer be divided into 
5 5 o 

five equal parts, one of those parts, together with two 
parts of the same kind, must makö three such parts. 

(27.) If the fractions have not a common denomi^ 
nator, reduce them to a comn^on denominator^ and 
proceed as before. 

Ex. 
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2 3 4 

Ex. Required the sum of - , - and -. 

40 
These redueed to a common denominator are tt 9 

60 



r 



45 , 48 • .133 ,, 13 , 

TT- and ^--, whose sum is -77— , ov 2 yr- . 
bo 60^ 60 60 

When mixed numbers' are to be added, to the sum 
of the fractions^ taken as before, ädd the sum of the 
integers. 

3 1 2 1 

Ex. Add toffether 5 - • 6 - and - of - . 

^ 4 3 ö 7 

3 1 , 2 315 140 24 4/9 , Ö9 



4 3 35 420 420 420 420 420 

5Q 

therefore the whole siim is 1 2 -^-2. . 

420 



SUBTRACTION. 

(28.) The difference of twojractions which have a 
conmum denominator tsjbund hy taking the diffei^ence 
of their numerators and suhjoining the common de- 
nominator. 

Ex. r == r . For, if the unit be supposed to be 

5 5 5 A A 

divided into five equal parts, and three of those parts 

be taken from four, the remainder must be one, or - . 

5 

(29.) If the fractions have not a common denomina- 
tor^ let them be redueed to a common denominator^ 
and take the difference as before. 

Ex. 



T. 
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Ex. 1. From— take ^ . 

11 5 




9 4 45 44 1 
.11 5 ™ 55 ~ 55 ~ 55' 




JElx. 3. From " off take i of ?. 

12 5 3 8 




33 7 _ 792 420 373 _ 
60 24 "" l4.4o 1440 '^ 1440 ~ 


31 
120 



• -«v 



MULTIPLICATION. 

(30.) Def. To rmltiply onejraction by another, is 
to take such pari or parts of the former as the latter 
expresses. This is done hy multiplying the numerators 
of the two fractions together for a new numerators 
and the denominators for a new denominator. 

... 5 3 15 
ing to the definition of multiplication, z of -^ or ^rr , 

/ 4 2q 

(Art. 15.) 

Compound fractions must be reduced to simple 
ones^ and mixed numbers to improper fractions^ and 
they may then be multiplied as beTore. 

Ex. 1. Multiply^of^byrg. 

2 Q 18 1 57 

— of — =^~ ; and 7 - = -^ ; therefore their produet 
5 13 o5 8 o 

• H £Z _ ^^^^ 506 _ . 253 
" 65 ^ T ~ 620 * 520 "" 2SÖ • 

Ex. 2. 
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* 

Ex. 2. Mültiply, ~ by 7- 

;2 _ 2x7 _^ 

217^ ' "^ 217 ""31* 

Hence it appears^ that a fraction may be multiplied 
by a whole number, by dividing the denominator by 
that number^ when this division caa take place. 

DIVISION. 

(31.) To divide one fraction hy another, or to de-- 
termine how qftenbneis containedin the otfier, invert 
ihe numerator and denominator of the divisor^ and 
proceed as in multipl%cation. 

Ex. - divided by - is - x --= — =1 — • 

4 74 5 20 20 

For, from the nature of division^ the divisor mul- 
tiplied by the quotient must produce the dividend ; 

therefore - x quojtient = ;j ; let these equal quäntities 

7 
be multiplied by the same quantity i, and the pro. 

7 5 37 

duets must be equal ; that is, i x - x quotient=:- x i 

57 4 5 

36 . 21 35 

or — X quotient = — ; but — = 1 (Art. 14); there* 

21 
fore the quotient = — according to the rule. And the 

same method of proof is applicable to all cases. 

Compound fräctions 9iust be reduced to simple 
ones, and mixed numbers to improper fractions^ before 
the rule can be applied. 

Ex. 
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Ex. Divide - of - bv 3 - . 

9 7-^3 

~ of - = 77-5 and 3 - = — : ; therfefore the quotient 
9 7 63' 3 3' ^ 

, 20 3 60 2 

IS TTT X = 



63 10 630 21 



I 
/ 



ON DECIMAL FRACTIONS. 

(32.) In Order to lessen. the trouble which in niany 
cases attends the use of vulgär fractions, decimal frac- 
tions have been introdueed, which differ from the for^ 
Hier in this respeet, that their denominators are always 
10 or some power of 10, as 100, 1000, 10000, &c. 
and instead of writing the denominator under the nu- 
merator, it is expressed by pointing off, froin the right 
of the nunierator, as many figures as there are cyphers 
in the denominator; thus, .2, .23, .127, .0013, 43.7, 
. .^ . , 2 23 127 13 . ^ 7 

sieniiy respectively -—, —-, r;rrr> , ^^^^ > 43 -— or 

^ ^ ^ -^10 100 1000 10000 10 

437 , 

.10- 

(33.) Cor. 1 . The value of eaeh figure in a decimal, 

decreases from the left to the right in a tenfold pro- 

portion ; that is, each figure is ten times as great as if 

it were removed one place to the right, as in whole 

1 ' 2 2 2 

numbers ; thus .2, .02, .002, are — , — , ^j^^^, &c. 

and the decimal .127 is one tfsnth, two hundredths and 
seven thöusandths of an^unit. 

(34.) Cor. 
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(34.) Cor. 2. Adding cyphers to the right of a 
decimal does not alter it's value; thus^ .2, .20, .200, 

or -rr, -rr— , :: are equal to each other, the 

10^ 100 1000 ^ 

numerator and denominator having been multiplied 

by the same number. (See Art. 11.) 

(35.) Cor. 3. Decimals may be reduced to a com- 
mon denominator by adding cyphers to the rights 
where it is necessary, tili the number of decimal 
places is the same in all. ' 

Ex. .Sy .01 and .311 reduced to a common de- 

• , 500 

nominator. are .500, ,010 and .311 ; that is, , 

' ' 1000' 

10 j 311 
and 



1000 1000 



As decimals are only fractions of a particular de* 
scription, their Operations must depend upon the 
principles already laid down. 



ADDITION OF DECIMALS. 

(36.) Toßnd the sunt of any numher of decimalsy 
place thefigures in such a manner that those of the 
same denondnation may stand under each other ; add 
them together as in whole numhers, and place the 
decimal point in the sum under the other points. 

Ex. Add together 7.9, 51.43 and .0118. 

These, when reduced to a common, denominator, 

are 

B 
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are 7*9^00, 61.4300 and .0118; and proceeding 
according to the rule, 
7.9000 
61.4300 
.0118 



09.34I8 is thesum required.. (Art. 26.) 

In the Operation^ the cyphers may be omitted; 
thtis^ 

7-9 
61.43 

.0118 



69.3418 



SUBTRACTION. 

(37.) Tojind the difference oftwo decimalsy place 
ihe jigares of the same denomination under each 
other ; then suhtract as in whole numbers, and place 
the decimal point under the other points, 

From 61.3 take 42.012. 

These^ reduced to a common denominator, are 
61.300 and 43.012; therefore their difference b 
19.288 (Art. 28). In the qpentiön, the cyphers 
may be omitted ; thus, 

61.3 

42.012 

19.288 

MULTI- 
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MULTIPLICATIÖN. 



(38.) To multiply one dedmal hy anothery multiply 
the figures as in wkole numbers, and point off* as 
many dedmal places in the product as ihere are in 
the multiplier and the multiplicand to^ether. 

T^ ^ ^ 513 46 23Ö98 

Ex. 01.3X4.6 = 235.98. For, _.x_=-j^ 

= (according to the decimal notation) 235.98. And 
a similar proof may be given in all other cases. 

(39«) When there are fewer figures in the product 
than there are decimals in the multiplier and multi- 
plicand together, cyphers must be annexed to the 
lefi of the producta that the decimal places may. be 
properly represented. 

Ex. .25 X .3 = .075; for ^^ ^ 5"^ 






100 10 1000 
(according to the decimal notation) .075. 

DIVISION. 

(40.) Division in dedmals is performed as in 
whole numberSy observing to point off* as many ded- 
mals in the qtwtient as the number of dedmal places 
in the dividend exceeds the number in the divisor. 

m 

Ex. Divide 77-922 by 3.7. 

-^^2 — = 21.06: here there are three decimals in 
3.7 

the dividend, and one in the divisor ; therefore, there 

are two in the quotient. 

The truth of this rule is apparent from the nature 

q£ multiplication ; for^ the product of the divisor and 

B 3 quotient 
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quotient is the dividend ; there are, therefore, as many 
places of decirfials in the dividend, as there are in 
the divisor and quotient together (Art. 38) ; conse- 
quently, there are as many in the quotient as the 
number in the dividend exceeds the number in the 
divisor. 

(41.) If figures be wanting to make up the proper 
number of decimal places, cyphers must be added to 
the left. 

Ex. Divide .336 by 42. 

336 

^^ — = 8 ; and as the quotient of .336 divided by 42 

must contain three decimal places, that quotient is 

^ ^ 336 j. . , j , 336 8 

,008. For, divided by 42 is , or — r— 

^ 1000 ^ 42000 1000 

(Art. 9) ; that is (according to the decimal notation) 
.008 (Art. 32). 

(42.) When the dividend does not contain as many 
decimals as the divisor, cyphers must be added to 
the right of the decimals in the dividend, tili that is 
the case. 

Ex. Divide 36 by .012. 

36=36.000 ; and 36.000 divided by .012 is 3000, 
according to the ruie. ^ 

REDUCTION. 

(43.) To reduce a vulgär fraction to a decimal. 

Add cyphers at pleasure, as decimals, in the nume- 
rator, and divide by the denominator according to 
the rule for the division of decimals. The truth of 
this rule is evident from Art, 10. 

Ex. 1. 
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^ , 3 3.00 

Ex. 1. - =— — = .75. 

4 4 

Ex... I = ?:|22 = .875. 

^ ^ 4 4.0000 ^ 

Ex. 3. ^— = -^ = .0064, 

0*25 625 

Ex. 4. i = 1:22^ ^ .333 &c. 

t;, , 4 4.0000 &c. ,^,^0 

Ex. ö. — = — ;= .1212 &C. 

33 33 

(44.) In some cases, as in the two last ex- 
amples, tho vulgär fraction cännot exactly be made 
up of tenths, hundredths, &c. but tbe decimal will 
go on without ever Coming to an end^ the same 
figure or figures recurring in the same order; but 
though we cannot represent the exact value of the 
vulgär fraction, yet, by increasing the number of 
decimal places, we may approach to it as near as we 

please. Thus, - = .IUI &c. now .Ijor-^, is less 

than the true value by — ; .1 1, or —— , is too little 

•^90 100 

Decimals of this kind are calle(l recurring j or 
circulating decimals. ' 

(45.) To find the value of a decimal of one 
denomination in terms of a kHver denomination. 

This may be done by the rule laid down ia 
Art. 22. 



Ex. 



23 ON DECIMAL FRACTIONS. 

Ex. Required the value of .615625^. 

.610620^. 
20 



1 2.3 1 2500 Shillings 
12 



3.7500 pence 
4 



3.00 farthings 



B. d. 



The value required is 12 : 3 : 3. 

First, .6 1 5625dß. = 1 2.3 1 25 Shillings. 

Next, .3125*. = 3.70 pence. 

Lastly, .75^. = 3 farthings. 

(46.) To reduce a quantity to u dedmal of a 
^uperior denomination. 

Divide the quantity by the number of integers (Ä 
it*s denomination contained in one of the superior de- 
nomination, and the quotient is the decimal required. 

Ex. 1. What decimal of a Shilling is three-pence ? 

12)3.00 

.25 Answ. 



For, in the denomination Shillings, it's numerical 

1 . 
value must be ■~ of it's value in the denomination 

pence. 

Ex. 2. What decimal of a poumd is 13 : 4 : 3.? 

4) 3.00 



12) 4.75 



20)13.3958333 &c. 
.66979166 &C. 



First, 
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First, we find what decimal of a penny 3 is ; this, 
by the rule, is .75 ; then, what decimal of a Shilling 

dm q, 

4 : 3 or 4.^5(1. is ; this is found in the same manner 
to be .39Ö8333 &c. lastly, we find, by the same 
rule, what decinml of a pound 13.3958333 &c. sh. 
is ; which appears to be .66979 1 66 &c. 

The conclusion will be the same if we reduce the 
quantity to a vulgär fraction (Art. 23), and this 
fraction to a decimal (Art. 43). 

The proofs of' the rules for the management of 
vulgär and decimal fractions, here given, are neces- 
sarily confined to particular instances, but the same 
reasoning may be applied in every case ; and by using 
general signs^ the pi-oofs may be made generaK 
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PART I. 



DEFlNrriONS AND EXPLANATION OF SIGNS. 

4 

(47.) A HE method of representing the relation of 
abstract quantities by letters and characters, which 
are made the signs of such quantities and their 
relations, is called Algebra. 

Known or determined quantities are usually repre- 
sented by the first letters of the alphabet^ a, fr, c, rf, 
&€• and unknown or undetermined quantities^ by 
the last, y, Xy w, &c. 

The foUowing signs are made use of to express 
the relations which the quantities bear to each other. 

(48.) + Plus, signifies thaf the quantity to which 
it is prefixed raust be added« Thus, a + i signifies 
that the quantity represented by i is to be added to 
the quantity represented by a ; if a represent 5, and 
by 7, then a + i represents 12. 

Ifno sign be placed before a quantity, the sign + 
is understood. Thus, a signifies + a. Such quan- 
tities are called |?o^Y«t;e quantities. 

(49.) - Minus, signifies that the quantity to which 

it 
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it is prefixed must be subtracted. Thus, a-b sig- 
nifies that b must be taken from a ; if a be 7, and 
b, ö, a- 5 expresses J diminished hy ö, or 2. 

Quantities to which the sign — is prefixed are 
called negative quantities. 

(50.) X Into^ dignifies that the quantities between 
which it Stands are to be multiplied together. Thus, 
axb signifies that the quantity represented by a is to 
be multiplied by the quantity represented by b ♦. 

This sign is frequently omitted; thus abc signifies 
axbxc. Or a füll point is used instead of it ; thus 
1x2x3, and 1.2.3, signify the same thing. 

(51.) If in .multiplication the same quantity be 
repeated. any number of times, the product is usually 
expressed by placing, above the quantity, the number 
which represents how often it is repeated ; thus a, 
ax a, axax a, axaxax a, and a',, a% a^, a*, 
have respectively the same signification. These 
quantities are called powers ; thus a', is calied the 
first power of a ; a% the second power, or square of 
a ; a^, the third power, or cube of a, &c. 

The numbers 1, 2, 3, &c. are called the indices of 
a ; or exponents qfthe powers of a. 

(52.) -7- Divided by^ signifies that the former of 
the quantities between which it is placed is to be 
divided by the latter. Thus, a-r-b signifies that the 
quantity a is to be divided by b. 

The division of one quantity by another is fre- 
quently represented by placing the dividend over the 

divisor 

- 

^ By quantities, we understand such magnitudes as caa be 
represented by numbers ; we may therefbre without impropri< 
•peak of tbe nultiplicatiop, division, &c. of quantities . by < 
•ther. 
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These numbers are sometimes represented by 
letters, which are called coeffi^ients. 

(61.) Similar^ or like algebraical quantities, are 
such as difier only in their coefficients; 4a, 6ah^ 
gn\ 3a*Äc, are respectiv^ly similar to 15a, Sab, 
12a*, 15 a*ic, &c. 

Vklike (|uantities are different combinations of 
letters; thus, ai, a^6, aS", abc, &c. are unlike. 

(62.) A quantity is said to be a multiple of another, 
when it contains it a certain number of times exactly ; 
thus, 16 a is a multiple of 4 a, as it contains it exactly 
four times. 

(63.) A quantity is called a measure of another, 
when the former is contained in the latter a certain 
number of times exactly ; thus, 4 a is a measure of 
16a. 

(64.) When two numbers have no common mea- 
sure but unity, they are said to be prime to each 

other, 

{6b.) A simple algebraical quantity is pne which 
consists of a Single term, as (fbc. 

{66^) A binomial is a quantity consisting of two 
terms, as a + i, or 2 a— 3 ia?. A trinomial is a quan- 
tity consisting of three terms, as 2a + 6c2+3c. 

The following examples will serve to illustrate the 
method of representing quantities algebraically. 

Leta=8, i=:7, cs=6, dsz5 and 6=1; then, 

3a— 26 + 4c -6 = 24 — 14 + 24— 1=33. 

flj+ce— irf=56+6— 30=27. 

a^b , 36-2c _ 8+7 , 21-12 ^15 9 ^ 

rf*xa-c-3ce* + rf^ = 25x 2- 18 + 125=50-18 
+ 125 = 107. 

AXIOMS. 
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(67.) If equal quantities be added to equal quan- 
titles, the sums will be equal. 

(68.) If equal quantities be taken from equal 
quailtities^ the remainders will be equal. * 

(69.) If equal quantities be multiplied by the 
same^ or equal quantities, the produets will be equal. 

(70.) If equal quantities be divided by the same^ 
or equal quantities, the quotients will be equal. 

(71.) If ^^^ same quantity be added to and sub^ 
tracted from änother, the value of the latter will not 
be altered. 

(72.) If a quantity be both multiplied and divided 
by another, it's value will not be altered. 

ADDITION OF ALGEBRAICAL 
QUANTITIES. 

(73.) The addition of algebraical quantities is 
performed hy connecting those that äre unlike with 
their proper signs, and coüecting those that are 
similar into one sum. 

Ex. 1 . Add together the following unlike quan-* 
tities s 

ax 

+ e- 
-^ed 



Sum ax-^hy-^-e^^-ed. 



Ex. 2. 



30 ADDITION. 

Ex. 2. 

a+2b-c 



S\xm a + 2b-c + d'' be+J". 

I - ■ ■ . ^ j ■* 

It is immaterial in what order the quantities are set 
down, if we take care to prefix to each it's proper sign, 

When any terms are similar, they may be incor- 
porated, and the general expression for the sum 
shortened. 

1". When similar quantities have the same sign, 

their sum is found by taking the sum of the coef- 

ficients with that sign, and annexing the common 

letters. 

Ex. 4. 

Ex. 3. 4ä*c-l0bde 

öa— 3ft Ga^c— Qbde 

4a- 7& lla^c— 3bde 

■ II ■ ■ ■ III 

* Sumga-ioi Sum 21rf*c- 22irfe 



The reason is evident ; 5 a to be added, together 
with 4 a to be added, makes 9 a to be added ; and 3 h 
to be subtracted, together with 7 ^ to be subtracted, 
is 10 i to be subtracted. 

2^. If similar quantities have different signs^ their 
sum is found by taking the diflerence of the coef- 
ficients with the sign of the greater, and annexing the 
common letters as before. 

Ex. 5. 
7a4.3Ä 
-öa-9& 

Sum 2a — 66 

^ In 
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In the first part of the Operation we have 7 times a 
to add, and 5 times a to take away ; therefore upon 
the whole we have 2 a to add. In the latter part, we 
have 3 times h to add, and 9 times b to take away ; 
i. e. we have upon the whole 6 times h to take away ; 
and thus the sum of all the quantities is 2 a — 66. 

Ex.6. 

X 

a + h 



Sum 2 a 



If several similar quantities are to be added to* 
gether, some with positive and some with negative 
signs, take the difierence between the sum of the 
positive, and the sum of the negative coeflScients, 
prefix the sign of the greater sum, and arinex the 
common letters. 

Ex. 7. 

3aV4fec- e*+10 
-öa* + 6Jc+ 2e*~15 
-4a*-9fec-10e*4-21 

Sum -6a* 4^ bc-^ 9e* + i6 

. - ^ -- ^ 

The method of reasoning in this case is the same 
as in the last example. 

Ex. 8, 
4ac-*l5&rf+ ex 
llöic-f 76* ^-19^^^ 
— 41a*+ 6M- Ide 



•mmmi^^^m^mo^i'^ t * * m\ 



Sum löac-4la* —Qhd-^Th^—lBev-tde^ 

Ex. 9. 



^2 SÜBTRACTION. 

Ex. 9. 



In this example/ the coefiicients of x and it*s 

powers are united; p + a.a? ^ps^ +aoi? \ also^ 

q+b.x^^ - qx^ — bx^, because the negative sign 

a ffects the whole quantity under the vinculum ; and 

-r+ 1 .j?= -rx-x. 

SÜBTRACTION. 

* 

(74.) Suhtraction, or the tdking away of one 
quantity front another, is performed hy changing the 
sign of the quantity to he subtracted, and then adding 
it to the other by the rules laid down in Art. 73. 

Ex. 1. 

From 2 bx take cy, and the difierence is properly 
represented by 2bx^cy\ because the — prefixed to 
cyj shews that it is to be subtracted fröm the other ; 
and 2bx-cy is the sum o( 2bx and — cy, Art. 73. 

Ex. 2. 

Again, from 2 bx take — cy, and the diflference is 
2bx + cy; because 26a?=2 6a?+cy— cy Art. 71j take 
away - cy from these equal quantities^ and the dif- 
ferences will be equal ; t. e. the difierence between 
2bx and - cy is 2bx+cy, the quantity which arises 
from adding +cj^ to 2bx^ 

Ex. 3. 
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Ex. 3« Ex« 4. 

From a + i From 6a— 12i 

take ö— 6 take — öa — 104 



Difference * + 2 & DifF. IIa- 2b 



Ex. ö. 

From 5a*+4a6 — 6ary 
take lla*+6afe — 4a?y 

DifF. '-6a^'-2ah-2xy 



Ex. 6. 

From 4a --3&+ 6c -11 
take 10a?+ a— 15 — 2y 

Diff. -10a;+3a-3i + 4+6c4-2y 

Ex. 7. 

From aa?^ — Äa?^+x 
take px^^qjc^+rx 



Diff.. a-|?.j?'-Ä— 5'.ar*+l — r.a? 
In this example the coefiicients are united; 



a—p.a^ is equal to aa^^^ps^y -b-q.x^ is equal 
to — 6a?*+5x*; and 1 — r.Ä?=3Ä? — rar. 

MULTIPLICATION. 

(75.)^ The multiplication of simple algebraical 
quantities must be represented according to the 

notation pointed out Art. 50. 

c Thus, 
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Thus, mx h, or ab, represents thc product of a 
multiplied by b\ abc, the product of the three 
quantities a, b and c. 

It is also indifferent in what order they are placed, 
axb and bx a being equal. 

For, 1 X a = ax l,.or 1 taken a times is the same 
with a taken once ; also, b taken a times, or bxa/isb 
times as great as 1 taken a times; and a taken b 
times, or axbj is b times as great as a taken once ; 
therefore (Art. 69) bxa^axb. Also, al)c = cab=: 
bca=zacb, &c. for, as in the former case, l x ax 6 = 
ax bx l ; and ex axbisc times as great as 1 x a x i ; 
also ax bx c \s c times as great as a x bx 1 ; therefore 
axbx c=^cx ax b (Art. 69) ; and a similar proof 
may be applied to the other cases. 

(76.) To determine the sign of the product, ob- 
serve the following rule : 

If the multiplier and multiplicand have the same 
sign^ the product is positive ; if they have different 
signSf it is negative. 

V\ +ax +b= +ab; because in this case a is to 
be taken positively b times ; therefore the product ab 
must be positive. 

2**. -ax-ftss-öÄ; because - a is to be taken 
b tim«« ; that i$, we oiust take -* ab, 

3\ +a X — fr = — a6 ; for a quantity is said to be 
multiplied by a negative number - fr, if it be sub- 
tracted fr times; and a subtracted fr times is — afr. 
This also appears from Art. 79. Ex. 2. 

4^^. — ax — fr=+afr. Here — a is to be subtracted 
' h times ; that is, - afr is to be subtracted ; but sub- 
tracting -^abi» the same as adding + ab (Art. 74) ; 
therefore we have to add +afr. 

The 
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The 2* and 4*** cases may be thus proved ; a-a=iO, 
multiply both sides by b, and ab together with 

— a X 6 must be equal to 6 x o, or nothing; therefore 

— a multipHed by b must give - a6, a quantity which 
when added to ab makes the sum notbing. 

Again, a — a^o\ multiply both side» by — b^ then 
— aJ together with - a x — & m.ust be =o ; therefore 
—ax -6= +ab. 

(77-) If the quantities to be multiph'ed have 
coefficients^ these must be multiplied together as in 
common arithmetic; the sign and the Uteral produet 
being determined by the preceding ruies* 

Xhus^ 3ax56=:15a6; becauseS x ax 5 x 6 = 3x5 
xaxb^lbab (Art. 75); 4j?x — lly= — 44a?y ; 
•9ix -5c=+456c; -6iix 4w= — 24mrf. 

(78.) The powers of the same quantity are mul- 
tiplied together by adding the indices ; thus, a* x a^ 
= a^; iov aaxaaaziaaaaa. In the same manner^ 
rf»X «'* = «'"+'*; and -3aVx 5aa?y*= — löa^a?^*. 

(79.) If the multiplier or multiplicand consist of 
several terms, each term of the latter must be multi- 
plied by every term of the former, and the sum of all 
the produets taken, for the whole produet of the two 
quantities. 

Ex. 1. Mult. a+6 
by c^-d 

Prod. ac-^bc+ad+bd 

Here a + & is to be added to itself c-f-c2 times^ i. e. 

c times and (f times. 

c 3 Ex, 2. 



36 MULTIPLICATION. 

Ex. 2. Mult. a + 6 
by c-d 



Prod. ac-^bc-^ad—bd 



Here a + 6 is to be taken c— rf times; that is, 
c times wanting d times; or c times positively and 
if times negalively. 
Ex. 3. Mult. a + b Ex. 4. Mult. a+b 

hy a + b by a — 6 



a'+ab 
+ab + b* 




Prod. a' + 3a6+J* 


i>rod. a' *-6* 


F4X.5. Mult. 3a*-&bd 
by -aa*+4irf- 

— \5a* + 25a^bd 
+ I2ä'bd- 


■ 20*'rf» 


Prod. -ISa^ + sra'ftd- 


■ 20 Ir'd^ 

• 


Ex. 6. Mult. a* + 2 ai + b^ 
by a»-2a6 + 6» 





-2a3i-4a'i'-2aÄ' 

+a»i='+2oÄ»+6* 

Prod. a< * -2a'6» * +b* 

- 

Ex. 7. Mult. l'-x+x^-a^ 
by 1 +x 



1 -a?+a?* — a^ 
Prod. 1 * * * - 0!* 



i««" 



Ex. 8* 
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Ex. 8. Mult. x^'-px + q 
by X +a 

a^'-px^ + qx 
•\'ax^ — apx-^-aq 



Prod. a^-p-a.x'^-hq — ap.x+aq 

Here the coefficients of af* and x are collected ; 
-p — ö.a?*= -j^aj^ + aj?"*; and q- ap.x==qx-apx. 



SCHOLIUM. 

(80.) The method of determining the sign of a pro- 
duct from the consideration of abstract quantities, has 
been found fault with by some algebraical writers, 
who contend that - a, without reference to other 
quantities^ is imaginary, and consequently not the 
object of reason or demonstration. In answer to this 
objection we may observe, that whenever we make 
use öf the notation — a, and say it signifies a quan- 
tity to be subtracted, we make a tacit reference to 
other quantities. 

Thus^ in numbers, — a represents a number to be 
subtracted from those with which it is connected ; 
and when we suppose - a to be taken b times^ we 
must understand that a is to be taken b times from 
some other numbers. In estimating lines, or distances, 
— a represents a line, or distance^ in a particular 
direction. The negative sign does not render quan- 
tities imaginary, or impossible, but points out the 
relation of real quantities to others with which they 
are concemed. 

DIVISION. 



' V 
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DIVISION. 



(8 1 .) To divide one quantitt/ hy another, is to 
determine how offen the latter is contained in the 
Jbrmer, or wkat quantitt/ multiplied hy the latter 
willproduce the former. 

Thus, to divide ahhy a is to determine how often 
a must be taken to make up a 6 ; that is, what quan* 
tity multiplied by a will give ah\ which we know is 
h. From this consideration are derived all the rules 
for the division of algebraical quantities. 

(82.) If the divisor and dividend be affected with 
like signs, the sign of the quotient is + : but if their 
signs be unlike^ the sign of the quotient is — . 

If — a b be divided by — a, the quotient is + & ; 
faecause — ax +& gives —ab; and a similar proof 
mty be given in the other cases. 

(83.) In the division of simple quantities^ if the 
coefficient and literal product of the divisor be found 
in the dividend, the other part of the dividend, with 
the sign determined by the last rule, is the quotient. 

Thus, — r = c ; because ab multiplied by c gives ahc. 

If we first divide by a, and then by b, the result 

will be the same; for = Äc, and -i-= c, as before. 

a 

(94.) Cor. Hence, any power of a quantity is di- 
vided by any other power of the same quantity, by 
taking the index of the divisor from the index of the 
dividend. ^ 

Thus, ^=r a»; ~=^ = a-« (Art53); ^=a»»-«- 
a^ a^ €^ V ^ ' a* 

(85.) If 
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(85.) If only a part of the product which forms thc 
divisor^ be contained in the dividend, the divisibn 
must be represented according to the direction in 
Art. 52^ and the quantities contained both in the 
divisor and dividend exponged. 

Thus, 1 5 c^b^c divided by - 3 a' Ja?, or tt- = • 

First, divide by - 3 a*6, and the quotient is - 5 a äc ; 
this quantity is still to be divided hy x (Art. 83), and 
as jp is not contained in it^ the division can only be 

represented in the usual way ; that is, is the 

quotient. 

(86.) If the dividend consist of several terms, and 
the divisor be a simple quantity, every term of thc 
dividend must be divided by it. 

Thus, 5 =a'-ö6j? + 6j?*. 

^ ax^ 

(87.) When the divisor also consists of several 
terms,. arrange both the divisor and dividend according 
to the powers of some one letter contained in them ; 
then, find how often the first term of the divisor is 
contained in the first term of the dividend, and write 
down this quantity for the first term in the quotient ; 
multiply the whole divisor by it, subtract the product 
from the dividend, and bring down to the remainder 
as many öther terms of the dividend as the case may 
require^ and repeat the Operation tili all the terms are 
brought down. 

Ex. 1. 

If a* - 2 a J + 6* be divided by a — 6, the Operation 
will be as foUowi : 
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X 



-ab+b* 
-alf+b* 


• 

# # 



The reason of this, and the foregoing rule, is, that 
as the whole dividend is made up of all it's parts, the 
divisor is contained in the whole, as often as it is con- 
tained in all the parts. In the preceding Operation we 
inquire first, how often a is contained in a% which 
gives a for the first term of the quotient, then mul- 
tiplying the whole , divisor by it, we have a^^ab 
to be subtracted from the dividend, and the re- 
mainder is — a6 + Ä% with which we are to proceed 
as before. 

The whole quantity a*— 2 a J + 6*, is in reality di- 
vided iiito two parts by the process, each of which 
is divided by a-J; therefore the true quotiei;it is 
obtained. 

Ex. 2. 

a + b)ac+ad+bc + bd(c + d 
ac+bc 



ad+bd 
ad+bd 



Ex. 3. 
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Ex. 3. 

1-Ä?)1 (l+x + x* + jr+&c.+ 

1 — jp 

1-0? 















+x* &c. 




Ex. 4. 




y-l)y»-l(y«+y+l 


• 










* 




Ex. 5. 






...+y"-' 









Ex. 6. 
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Ex. 6. 






a-p .x" -^-qx 



a-p .x^-a^ —pa . x 



+ a -pa + q.x — r 



a^'-pa'^q.x--a^ -- pa'+qa 
Remainder a^-^pä^+qa^r 

ON THE TRANSFORMATION OF FRACTIQNS 
TO OTHERS OF EQUAL VALUE. 

(88.) If the signs of all the terms both in the 
numerator and denominator of a fraction be changed, 

ifs value will not be altered. For = + b^ ; 

— a +ö 

- ab - —ab 

and = — 6 = . 

— a a 

(89.) If the numerator and denominator of a 

fraction be both multiplied, or both divided by the 

same quantity, it*s value is not altered, 

For 1^ = I (Art. 85). 

Hence, a fraction is reduced to it*s lowest terms^ by 
dividing both the numerator and denominator by the 
greatest quantity that measures them both. 

(90.) The greatest common m^easure oftwo quan- 
tities is found by ärranging them accarditig to the 
powers qfsom£ letter, and then dividing the greater 
by the lesSy and the preceding divisor always by the 
last remainder^ tili the remainder is not hing ; the 
last divisor is the greatest common mJtasare -required. 

Let 
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Let a and b he the two quantities^ and '^ b)a{p 
let b be contained in a, p times^ with a — 
remainder c ; again^ let c be contained in c)b(q 
by q times with a remainder d^ and so on, — 
tili nothing remains ; let d be the last di- d)c(r 
visor, and it will be the greatest common — 
measure of a and b. O 

(91.) The truthof this rule depends upon these 
two principles ; 

!•*. If one quantity measure another, it will also 
measure any multiple of that quantity. Let x mea- 
sure 7/ by the units in w, then it will measure cy by 
the Units in nc. 

2^ If a quantity measure two others, it will mea- 
sure their sum or difierence. Let a be contained in 
X, m times^ and in v, n times; then ma^x and 
«a:=y; therefore 0? ±y = wa± na ax w ± w.a; i.e. 
a is contained in x ifiy^ m ±n times, or it measures 
x±y by the units in m±w. 

(92.) Now it appears from the Operation (Art. 90), 
that a-j}6 = c, and b--qc^d; every quantity there- 
fore which measures a and b, measures pb, anda - pb , 
or c; hence also it measures qc, and b—qc^ or ei; 
that is^ every common measure of a and b measures d. 

It appears also from the division, that a=pb+c^ 
bssqc + d, c=:rd; therefored measures c, and yc, and 
qC'\-d or b; hence it measures /? 6, and/>6 + c, or a. 
Every common measure then of a and b meaeures d^ 
and d measures a and b ; therefbre d is their greatest 
common measure. 

Ex. 

To find the greatest cQpimon measure of af — j?* and 

fl'-aV— tta?* + a?^s and to reduce -r r- — ; 

to it*8 Iowest terms. 
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ä!^ -^ a^x - a*x* + aj^ 



a^x + a*x* — a j^ — x* 



2a^ ~ 2a:* 



Icaving out 2a?% which is found in each term of the 
remainder. the next divisor is a^ — j?*. 



a^x-k-x^ 



a* - J?* is therefore the greatest common measure of 
the two quantities, and if they be respectively divided 

by it, the fraction is reduced to -, it*s lowest 

•^ a- X 

terms. 

The quantity 2a?*, found in every term of one of 
the divisors, 2a*x*— 2j?*, but not in every term of 
the dividend, a' — a'j?-aa:* + x^, must be left out; 
otherwise the quotient will be fractional, whichi is 
contrary to the supposition made in the proof of the 
rule; and by ömitting this part, 2x% no common 
measure of the divisor and dividend is left out ; 
because, by the supposition, no part of 2x* is found 
in all the terms of the dividend. 

(93.) To find the greatest common measure of 
three quantities, a, h^ c ; take d the greatest common 
measure of a and b ; and the greatest measure of d 
and c, is the greatest common measure requiredt 

Because 
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Because every common measure of a, h and c, 
measures d and c ; and every measure of d and c 
measures a, b and c (Art. 92) ; therefore the greatest 
common measure of d and c must be the greatest 
common measure of a, h and c. 

(94.) In the same manner, the greatest common 
measure of four or more quantiües may be found. 

The greatest common measure of four quantities, 
a, b^ Cy d, may also be found by taking x the greatest 
common measure of a and 6, and y the greatest 
common measure of cand d; then the greatest com- 
mon measure of w and y will be the common measure 
required. 

(95.) If one, number be divided by another, and 
the preceding divisor by the remainder, according to 
Art. 90, the remainder will at length be less than 
any quantity that can be assigned. 

For a=:pb+c; and b, and consequently pb, is 
greater than c ; therefore j9 i + c, or a, is greater than 

2c, and - is greater than c ; therefore from a, a quan- 
tity greater than ifs half has been taken ; in the same 
manner, when c is the dividend, more than it's half 
is taken away, and so on : but if from any quantity 
there be taken more than it's half, and from the re- 
mainder more than it*s half, and so on, there will, at 
length, remain a quantity less than any that can be 
assigned (Euc. 1.x). 

(96.) Fractions are changed to others of equal 

vakte with a common denojninafor, by multiplying 

, each numerator by every denominator except ifs own, 

Jbr the new numerator; and all the denominators 

togetherfor the common denominator. 

Let 



/ 



46 F&ACnONS. 

Let T» j> 7» 1^ *^6 proposed fractions ; then r-^, 

h^f A^' ^^^ fractions of the satne value with the 
former, having the common denominator bdf. For 
?:^^^. ^M\^i. and — -^ (Art SQ^ the 

numerator and denominator of each fraction having 
been multiplied by'the same quantity,/i;iÄ. the pro- 
duct of the denominators of all the other fractions. 

iSiI') When the denominators of the proposed frac- 
tions are not prime to each other, find their greatest 
common measure ; multiply both the numerator and 
denom'inator of each fraction, by the denominators 
of all the rest, divided respectively by their greatest 
common measure ; and the fractions will be reduced 
to a common denominator in lower terms* than they 
would have been by proceeding according to the 
former rule. 

n h r 

Thus, — , ~3 — reduced to a common deno- 
mx my mz 



minator, are 



ayz bxz cxy 



mxyz mxyz mxyz 



ON THE ADDITION AND SUBTRACTION 

OF FRACTIONS. 

(98. y If the fractions to he added hai;e a common 
denominator y their sum is found by adding the nume* 
rators together and retaining the common denominator. 

Thus, 



^ To obtain them in the lowest terms, each must be reduced to 
another of equal yalue, with the denominator which is the least 
common multiple of all the denominators« See Art. 374. 
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Thus, - + 7 =2 —7 — This follows from the prin- 
^ h h b '^ 

ciple laid down in Art. 87- 

f 99«) If the fractions have not a common denomi- 
nator they must be transformed to others of the same 
value, which have a common denominator (Art. 96), 
and tben the addition may take place as before. 

Ex. 2. 

b d bd bd bd 

Ex. 3. 

1 , 1 a-h a+b a-^b -^a+b 

2a 



Ex. 4. 

a+ >=-^ + '>= -■ .. ■ . Here a is considered as 
J J J J 
a fraction whose denominator is unity. 

Ex. ö. 

a*->2aft + y 2fl^-2fr*-ha* + 2a&+y + a*-2a&4-&' 
4a^ 

(100.) If two fractions have a common denomU 
nator, their difference is found by taking the dif" 
ference of the numerators and retaining the common 
denominator. 



Thus^ 2 "■ A * T** (^ ^^^ ^*^^ 



(101.) If 



48 FRACTIONS. 

(101.) If they have not a common denominator^ 
they must be transformed to others of the same välue, 
which have a common denominator, and then the 
subtraction may take place as before. 

Ex. 2. 

a c ad bc ad '^ bc 

b a bd bd bd ' 

Ex. 3. 

cd ab cd ^ ab - cd 
«- T" T"T"" b • 

Ex. 4. 
a c-\-d ^ac-ad bc + bd _ ßc^ad-^bc-bd 
b^ c-'d^ bc—bd bc^bd'^ bc—bd 

The sign of bd is negative, because every part of 
the latter fraction is to be taken from the former. 

Ex. 5. 

a+b a-'b a^ + üab^-b* a^-^ab + b^ 
a — b ä + b a*—b* «* — 6* 

ä'+2ab+b*-a^+2ab-b ^ _ ^"^ 
a*-b* ~a*-b'' 

V 

ON THE MULTIPLICATION AND DIVISION 

OF FRACTIONS. 

(102.) To multiply a fraction by any guantity, 
multiply the numerator by that quantity and retäin 
the denominator. ■ ' 

i 

Thus, -jxc^r^-j-. For if the quantity to be divided 

be c times as great as before, and the divisor the same, 
the quotient must be c times as greät. 

(103.) Cor. 



/ 
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(103.) Cor. !• -x6=-r-=a. That is, if a frac- 

o b 

tion be mtiltiplied by it's denominator^ the product is 

the numerator. 

(104.) Cor. 2. The result is the same^ whether the 
numerator be multiplied by a given quantity> or the 

denoroinator divided by it. Let the fraction be r-^> 

and let it*s numerator be multiplied by Cy the result is 

•^pS or -rr- (Art. 89), the quantity which arises iirom 

the division of it*s denominator by c. 

(105.) The product of two fractums is found by 
multipb/ing the numerators together for a new nu- 
merator j and the denominators for a new denominator. 

_. a <iC, 1 !•• m • a c ac 

Let r and n be the two fractions; theo r ^ j^tJj* 

a c ^ 

For if r =^, and ;j=y; by multiplying the equal quan« 

tities r and x, by &, a = bx (Art. 69) ; in the same man- 

ner, c=di/; therefore, by the same axiom, äc = bdxy ; 
dividing these equal quantities, ac and bdxy, by bd, 

we hav6 ^saxy = t ^ j- (See Art. 70). 

* 

(106.) Tb divide a fraction by any quantity^ mal" 
tiply the denominator by that quantity, and refain the 
numerator. 

The fraction r divided by c, is t-- Because r=T-, 

p and 
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■ • ■* ff 

and a 0** part bf this is r- ; the quantity to be divided 

being a c^ part of what it was before, and the divisor 
the same. 

'- (107.) Cor. The result is the same^ whether the 
denominator is muUiplied by the quantity^ or the nu* 
merator divided' by it. 

Let the fraction be 7-3 ; if the denominator be 

multiplied by c, it becomes r^p or r^ ; the quantity 

which arises (Vom the division of the numerator 
byc. 

(108.) Tb diviäe ime jraction hy another, invert 
ihe numerator and denominator of the divisor^ and 
proceed as in ThulHplication. 

Let j and n be the two fractions^ then r -^^ 3 = 

a d ad 

o c bC 

• a c 

For if T == •«', and ^ = y» theh as in Art. 105, 

a^zbxj and c=:^dyi also^ ad:=bdx, and hc^=^hdyi 

., r 1 k^ ^^ ^d bdsc X a c 
therefore by Art. 70, 1— -== -r-r- == = r -*- -? . 
•^ bc bdy y b d 

(109.) The rule for multiplying the powers of the 

same quantity (Art. 78), will hold when one or both 

of the indices are negative.. 

1 

Thus,a'^xa""'*=a"*-'*; fora'"xa-''=a*"x— (Art.53) 

=--=-=a'"'"^; in the same manner, ä* x ä^-^ss— = — 



x-\ 



Again, 
S 
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Again^ a"""» x a""** =«•'"+"; because a"*** x «■"*=—; 

(HO.) Cor. If m=:n, rf"x;a-"'=rf*"'**=a^; also^ 
rf* X a"**= --. = 1 ; therefore «•= 1 ; according to thc 

notation adopted (Arts. 51. 53). 

(111.) The rule for dividing any power of a 
quantity by any other power of the same quantity 
(Art. 84) holds, whether those powers ai'e positive or 
^ negative. 

Thus^ öT-s-a-* = a**-?- — (Art. 53), = fl^ x a* = öT +*. 

Again, a-^a->,i;-r.l=^ (Art. 108.) =i«»- 

(Art. 84). 

(112.) Cor. Hence it appears^ that a quantity may 
be transferred from the numerator of a fraction to 
the denominator, and the cöntrary^ by changing the 

sign of it's index. Thus, — ^ = y^^^ and j;^. 



ON INVOLUTION AND EVOLUTION. 

(113.) If a quantity be continually multiplied by 
itself, it is said to be involved, or raised ; and the 
power to which it is raised, is expressed by the num- 
her of times the quantity has been emj^oyed in the 
multiplication. 

d2 7rhu8<, 
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Thus, a X a, or a% is called the second power of a ; 
axaxüy or o^, the third power ; ax a . . . . (n), or 
a% the tC^ power. 

(114.) If the quantity to be involved bq negative, 
thie signs of the even powers will be positive, . and the 
signs of the odd powers negative. 

For — «X — a=a*; —ax -ax ~a=— a^&c. 

(115.) A simple quantity is raised to any power, by 
roultipjying the index of every factor in the/quantity 
by tlie exppnent of the power, and prefixing the proper 
sign determined by the last article. 

Thus, ti^ raised to the w*** power is dJ^ **. Because a^ x 
0*" X a"* . . . to w factors, by the rule of multiplication, 

is a*^** ; also, a6|'* = a6 xabx ahx &c. to n factors, 
or a X a X a . . . . to w factors xbxhxh....ton fac- 
tors (Art. 75), =a*x 6'*^ and^a*6^c raised to the fifth 
power is a^°i^ V. Also, - ti^ raised to the n* power 
is ±a^^; where the positive or negative sign is to be 
prefixed, according as n is an even or odd number. 

(116.) If the quantity to be involved be a fraction^ 
both the nuoieratör and denominator must be raised 
to the proposed power (Art. 105). 

(117.) If the quantity proposed be a Compound 
one, the involution may (either be represented by the 
proper index, or it may actually take place. 



Let 
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lict a+6 bc. the quantity to bfB raised to any power, 
a + ft 
a + 6 ^ 






a+ft)* CT a*+2a6+i* the square, er 2^ power. 
a + i 



4- a'i+2flri* + i^ 



a + jf ora3+3a*6 + 3ai* + ft^ the 3* power. 
a*+3a'6 + 3a»Ä'+ oft» 



j t ■ 



a^ht or Ä*+4a3i+6a*i*+4a63 + 6* the 4'^ power. 

If i be negative^ or the quantity to be involved be 
Ä — fc, wherever an odd power of h enters, the sipi of 
the terih must be negative (Art. 114). 

Hence, a^*==a*- 40*^4+60*6* -.4^ft3 + K 

(118.) Evolution^ or the extraction of roots, is the 
method of deternnining ä quantity which raised to a 
proposed power will produce a given quantity. 

(119.) Since the w* power of «"• is a^^j the »*^ root 
of tf*** must be fl^ ; ». e. to ^xtraet any roötof a single 
quantity» we must divide the index of that quantity 
by the index of the root required. 

(120.) When the ' index of the quantity is not ex- 
actly divisible by the number which cxpresses the 
root to be extracted, that root must be represented 

according 
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according to the notatiön pöiiited oüt in Art. iji 
Thus^ the Square, cube, fourth, «* root of d*+x% are 

respectively represented by a*+P)^, a*+a?Y, a* + a?' p 

a' + xT ; the same roots of-ri — ;, or a^+a?^"" , are rc- 

a +X' 

presented by ö*+a?i"t a*4.a?*l""*,a*4-a?*]"*,a'-hal 

(121.) If the root to be extracted be expressed by 
an odd number, the sign of the root will be the 6ame 
with the sign of the proposed quantity, as appears by 
Art. 114. 

( 1 22.) If the root to be extracted be expressed by an 
even number, and the quantity proposed be positive, 
the root may be either positive or negative. Because 
either a positive or negative quantity, raised to such a 
power, is positive (Art. 114). 

(123.) If the root proposed to be extracted be ex- 
pressed by an even number^ and the sign of the 
proposed quantity be negative^ the root cannot b^ 
extracted ; because . no quantity, raised to an even 
power, can produce a negative result. Such roots are 
calied impossible. . 

(124.) Any root of a product may befoundby tak- 
ing that root of ea4;h factor, and multiplying the root^, 
so taken, together. 

Thüs, ab^^i^ X J* ; because each of these quÄtiti- 
ties, raised to the n?** power, is ^6 (Art. 115). 

Cor. If a =s^, then a^xiv^^a^i and in the same 



manner, a'* x a" »<k " » 



(125.) Any 
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(125.) Any roQt of a fii^ctioa ,may be, found by 
taking tbat root pf both t^^e iiuipcirator aad denomi- 
natpr (^rt. Il6). ; \ 

Thus, the cube root of u is —, or a^ x i"* ; 



a 



n an 



an* £ =^, ot; t^x 6~n. 

(126.). To extract the Square root ofa Compound 
qtmntity. _ ^- 

Since the square root of ä' + 2a&+^* is a+6 
(Art. 117), whatever be the values of a and i, we may 
obtain a general rule for the extractioii' <^ the square 
root, by observing in what manner a jind h may be 
derived from a* + 2ai + Ä*. - - — 

Having arranged the ' a* + 2flÄ + S*(a+6 

terms according to the dU . . et' 

men^ions of one letter, a, . — '- 

the Square root of the first- aÄ-ffe)2a6 + i* 
term, a% is a, the first fac- 2dh^li^ 

tor in the root ; subtraet ■ ^ 

it*8 Square from the whole 



* •# 



quaritity^lind bring down the remaindet ädi-fi"^; 
divide 2ab hy 2 a^ apd the result is b, the other factor 
in the root; then muliiply the slum of twice the first 
factor and the second (üa + b), )>y the second (b), and 
subtraet this product (2ab+b^) from the remainder. 
If there be more terms^ consider.a+i a^ a new valu^ 
ofa; and it*s square, that is a^+)iab+b\ having, by 
the first part of the process^ been subtracted from the 
proposed quantity, divide the remainder by the double 
of this new value of a, Jor a new factor in the root ; 
and for a new Subtrahend^ multiply this foctor by 

twicc 
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twice the sum of the Former factors increased by this 
facton The process must be repeated tili the root, or 
the necessaiy approximatiou to the root, is obtained. 

Ex, 1. 

To extract the Square root öf a* + 2aJ+8*+ 
2ac + 2bc -^c^ ; or of it's equal a^ + 2a+b.b + 
2a + 2b + c.c. 



a^ + 2a+b.b+2a+2b + i 




2a+b)2a+b.b 
2ä+b.b 

•s. 




2a+2b'\'C.c 


* « 

* ^ 



Ex. 3. 

To extract the gquare root of a* - «jpH — . 









ä* 



^ X\ : , X* 



* 1 » 



X* 

-ax+-- 

4 . 



■ ■ <■ ■ 



*Ex.3. 



EVOLUTION. ft7 



^ 


' Ex. 3. 


To extract thc 


! Square rpot of 1 + x. 


1 +x(l +|-|+&c. 


1 




=+D 


X 




X+-- 
4 


x\ 


4 




X* «ä , X< 






^ 


8 04 



(127O It appears from the second example^ that a 
trinomial o* - ax-\ — , in which four times the pro- 

4 

duct of the first and last terms, is equal to jkhe Square 
of the middle term, is a complete square. 

(128.) The method of extracting the eube root is 
discovered in the same manner.. 

The eube root of a^ + 3ä*b + Saft* + 6^ is a + 4 (Arts. 
117) 118); and to obtain a + & from this Compound 
quantity, arrange the. a'+3a*6 + 3a6' + i^(a-h6 
terms as before, and q? ^ 

Ae eube root of the 3a?) Sä'b+SaV^-b^ 
first term, a', is a the 3a*6+3a6*+ft^ 

first fiictor in the root ; ^* 

subtract 
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subtract it*8 cube from the whole quantity, and divide 
thc first term of the remainder by 3a% the result 
is by the second factor in the root ; then subtract 
3ä^b+3ab^ + bP from the remainder^ and the whole 
cube of a + & has been subtracted. If any quantity 
be left, proceed with a + & as a new a, and divide the 
last remainder by 3 .oTTj* for a third factor in the 
root; and thus any number of fectors may be 
obtained. 



SCHOLIUM. 

(1 29.) The rules above laid down, for the extraction 
of the roots of Compound quantities^ are but litde 
used in algebraical or fluxional Operations ; but it was 
necessary to give them at füll length, for the purpose 

of investigating rules for the extraction of the Square 
and cube roots in numbers. 

The Square root of lOö is 10, of 10000 iis 100^ of 
).Q00Q0Q is 1000/ &c. from which con3ideration jt 
foUows, that the Square root of a number less than 100 
must consist of only one figure, of a number betwe<en 
100 and 10000 of two places of figures, of ariy iiüm- 
ber from 10000 to 1 000000, of three places pf figures, 
&c. If then a point be made over every secotid' figui^ 
in any liisiid^ef, beginning with the units, the nuäiber 
of Points will shew'the number of figures, pr{iläces, in 

the Square root. Thüs the Square root of 4357 con- 

sists Ol two,^yr^. Ihe sq^are rppt of 06478, of thi^ 
Bgures,.«^::. ' ]' " ' ' "./. 



« i 



Let 



Lei the Square root of 4387 he reqaired; 

Having pointed it ac- 4357(60+6 or 60 

cording to the direction^ 36oo [the root. 

it appears that the root ""— ^ 

consistB of two places of 130+6) 707 

Agares; leta + 6bethe or 136]J^ 

root,where£risth^value 1 remaind^r. 

of the figure in the ten*s *_« 

place, and b, ofthat iii the unit*s ; then is a the nearest 
Square root of 4300 which does not exceed the true 
root, this appears to be 60 ; subtract the square of 60 
{(f) from thegiven number, and the remainder is 75^ ; 
divide this remaitider by 1 20 (2a), and the quotient 
ik 6 (the value of b,) and the Subtrahend, or quantity, 
to be taken from the last remainder 757» i^ 126x 6", 
(2a+h.b) or 756. 

It is Said that a must be the greatest number whose 
Square dfoes not exceed 4300 : it evidently cannot be 

a. greater number than this ; and if possible let it be 
some quantity x, less than this ; then since x is in the 
ten's place and b in the unifs, x+b is less than a; 
therefore the üquare of x+ b, whatever be the value of 

b, must be less than a\ and consequently x + h less 
Ihan the true root/ 

If the root consist of three places of figures, let a 
represent the hundreds, and b the tens ; then having 
obtained a and b as before, Irt the new value of a be 
the hundreds and tens together, and find a new 
value of b for the units : and thus the process may 
be continued when there are more places of figures in 
the root. 

(130.) Tlie 
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(130.) The cyphers being omitted for the «ake of 
expedition^ the foUowing rule is obtained from the 

for^oing process. 

■ • • • 

Point eveiy second figure 4367(66 

beginning with the unit's 36 

place^ dividing by this process 

the whole number into seve- 126) 7^7 
ral periods ; find the greatest . 7^6 

number whosersq^uare is con- 

tained in the first periody 1 

this is the first figure in the root ; subtract it*s Square 
from the first period^ and to the remainder bring down 
the next period ; divide. this quantity, omitting the 
last figure, by twice the part of the root already 
obtained, and annex the result to the root and also to 
the divisor ; then multiply the divisor, as it now Stands^ 
by the part of the root last obtained, for the Subtra- 
hend. If there be more periods to be brought down^ 
the Operation must be repeäted. 

Ex. 2. 
Let the square ropt of 6l 1534' be required. 

6i 1534(782 
49 



148)1315 \ 
1 1 84 



wm 



1563) 3134 
3134 



# 



(131.) In 



CUBE ROOT. €l 

(131.) In extracting the sqoare root of a decimal^ 
the pointing must be made the contraiy way, beginning 
with the place of hundredths^ or care musl be taken 
to have an even number of decimal places ; because, if 
the root have 1^ 2, 3, 4, &c. decimal places, the Square 
must have 2^ 4, 6, 8, &c. places (Art. 38). 

Ex. 3. 

To.extract the Square root of 6r4.853. 

64.8530(8.053 &c. 
64 



l605) 8530 
. 8025 



l6l03) 50500 
48309 



2191 &c. 



For every pair of cyphers which we. suppose an- 
nexed to the decimal, anotber figure is obtained in the 
root. 

(132.) The cube root of lOOÖ is lO/of 1000000 is 
100, &c. therefoxe the cube root of a number less 
than 1000 consists of one figure, of any number 
between 1000 änd 1000000, of two places of figures, 
&JC. If then a point be made over every third figure 
contained in any number, beginning with the units, 
the number of points will shew the number of places . 
in it^s cube root 

Let the cube root of 405224 be required. 

405224 
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405224(70+4 
O^ =5 34S000 



30":=^ 14700) 62224 the first remainder. 

58800 :=z aa^'b 

3360 ^ Sah" 
64 = 6^ 



62224 Subtrahend. 

By pointing the number according to the direction, 
it appears that the root consists of two places ; let a 
be the value of the figure in the ten's place^ and b, 
of that in the unit*s. Then a is the greatest number 
whose cube is contained in 405000*^ or 70 ; sub* 
traet it's cube from the whole quantity, and the 
remainder is 62224 ; divide this remainder l)y 3a^^ or 
14700, and the quotient 4, or b, is the second term 
in the root : then subtract the cube of 74 from the 
original number, .and as the remainder is nothing, 
74 is the cube root required. Observe, that the 
^ cypberymay beomitted in the Operation ; and that 
as o^ WB« at first subtracted, if from the first remainder, 
3 a^'i + 3 a&' + i* be taken, the whole cube of a + i will 
be taken from the original quantity . 

(133.)' In extracting the cube root of a decimal, cäre 
müst be taken that the decimal places be three, or some 
multiple of three, before the Operation is begun ; be* 
cause tbere are three times as many decimal places. in 
Ü^ cübe as.tliere are in the root (Art. 38). 

Ex. 2. 

Required the cube root of 31 1897.91. 

31I897.910 



Mlm»mUmatm 



* See Art 229. 
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311897.916(67.8 

216. • .=a' 



3a3= 108 .. ) 90897 first remainder 



756 . • =3a*Ä 
883 . =3 ah* 
343 =i' 



84763 Subtrahend 



3a' = 1 3 467 . .) 1 1 1 3 49 1 second remainder. 

The new value of a is 670, or, omitting the cypher, 67, 
and 3a% the new divisor^ is 13 467 • • hence 8 is the 
next figure in the root ; änd 

107736 . •sSÄ'ft 

12864. =3 a6* 
512 = i» 



10902752 Subtrahend 



232158 the third remainder. 



It appears from the pointing^ that there is one 
decimal place in the root ; therefore 67*8 is the root 
required, nearly. If three more cyphers be annexed 
to the decimal^ another decimal place is obtained in 
the root ; and thus approximatiod may be made to 
the trne root of the proposed number^ to any degree 
ofaccuracy, 

, Since the first remainder is 3a'i-|-3a&^+^^ the 
exact value of h is not obtained by dividing by 
3 a*, and if upon trial the Subtrahend be fbund to be 
greater than the first remainder^ the value assumed for 
b is too great, and a less number must be tried. The 

greater 
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greater ais with respect to 6, the morc nearly is the 
true value obtained by division y and when a few 
places in the root are found, the number of figures may 
nearly be doubled^ by division only. . 



ON SIMPLE EQUATIONS. 

(134.) If one quantity be equal to another, or to 
nothing^ and this equality be expressed algebraically, 
it constitutes an Equation._ 

Thus, X'^a^b—x is an ec^uation^ ofwhich x-a. 
fonns one side^ and b-^x the other. 

(135.) When an equation is clearedof fractions and 
surds^ ifit containthe first power only of an unknown 
quantity^ it is called a simple equation, or an equation 
of one dimension : i£ the Square of the unknown 
quantity be in any term, it is called a quadrctctic, or an 
equation of two dimensions ; and in generale if the 
index of the highest power of the unknown quantity 
be n, it is called an equution ofn dimensions. 

(136.) In any equation^ quantities may be trans- 
posed from one side to the other^ if their signs be 
chängedy and the two sides will still be equal. 

Let a? + IQaslS, then by subtracting 10 from each 
side, a: + 10— 10=15 — 10 (Art. 68), or a?=15 — 10. 

Let j:-4 = 6, by adding4to each side, x-4 + 4= 
6 + 4, ora?=6+4 (Art. 67). 

Ifa?— a+6=y; adding a — 6 to each side, x^a + 
b+(^^b=^t/+a-b'f or x=:y+a — 6. 

(137«) Cor. Hence, if the signs of all the terms 
on each side be changed, the two sides will still be 
equal. , 

Let 
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Let x^a s 6 - 2^ ; by transposition^ - ft-f^^» -* 
«+a; ora — J?=2a? — ft. 

(138.) If every term^ on each side, he multipRed 
by the same qmmtityy ihe results will be. equal 
(Art. 69). 

(139.) Cor. An equation may be cleared of frac- 
tions^ by nfiultiplying every term» succeissively, by the 
denominators of those fractions. 

Let 3a?-| =34; multiplying by 4,. I2x+5xsz 

4 % . . • 

136. (See Art. 103). 

An equation may be cleared of fractions at once» 
by multiplying both sides by the product of all the 
denominatohs, or by any quantity ivhich is a multiple 
of them all*. 

t^ I + I + - = 13 ; multiplying by 3 x 3 x 4, 

3 X 4 X x+2 X 4rX X'\'2 x3 X a? = 3x3 x4x 13, or 
I2x + 6x + 6x:ss^3l2; that is, 26j;=313. 
If each side be multiplied by 1 2, which is a mul- 

tiple of 2, 3, and 4, the equation will become - — + 

-— - + - — = 156 ; or 6x + 4a? + 3x = 156 ; that is, 

13a?=156. 

( 1 40.) If ewk side of an equation he divided by the 
same quantity, the results will be equal. 

136 
Let 17j?=136; then ä?= -— =8 (Art. 70). 

(141.) // 



* Utheleasicommoa multiple be made use of, the equation will 
iü ia tke lowest terms. 

£ 
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" (141.) 'Ifeack side ofcm equatiön he raisedto tlie 

same power, the results will be eqtmU 
IMoÄ^t^i theu ar=9 x 9=»1 (Art* 69), 
Also, if the same root be extracted ou both ftides^ 

the results will be equal. 

Let a?=81 j theH ^i = 9 ( Art U8). 

{142,) To ßnd the vaJue of an unknown quantity 
in a simple equaiion. 

Let thß. equatioQ first be cleared of fractions, then 
transpose all the terms which involve the unknown 
quantity to one side of the equatiön, ajid the known 
^quantftiea to the othei* ; divido both sides by the co- 
efficient, or sum of the coefiici^nts, of the unknown 
xjuantity, and the valae r^quired \& obtainad. 

Ex. 1. 

• Ta. find the yalue^ of x in the equatiön 3^-6 = 

by trarisp. 3a? + o? = 23 + 5 (Art. 136) 

or 4ä? = 28 

28 ^ ' 

fey tlivision x =— ac 7 (Art 140). 

Ex. 2. 
Let a?+ |- ^ = 4x- 17. 

I 

Mult. by 2, and 2a? + a?.- —- = 8a? — 34 

Mult by 3, and 6a? + 3a? - 2a? = 24a? - 1 02 (Art 1 39) 
bytransp. 6a? + 3a?- 2a?— 24a?= — lOB .^ 

- . . oc - 17a?= - 102 

17a?=102 (Art. 13r) 
, 102 ^ 
.••■■•• 17 ■ ■■ .1-- 

Ex. 8i 
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f . .. - . 

( 1 43.) If there be two independent simple equations 
involving two unknown qüantities, they may be re- 
duced to one, which involves only one of the unknown 
quantities^ by any of the foHowing methods : 

1" Method. In either equation^ find the value of 
one of the unknown quantities in terms of the other 
and known quantities^ and for it Substitute this value 
in the other equation^ which will then only contain 
one unknown qpantity, whose value may be found by 
the rules before laid down. 

Let (l ^ ^ "/^ 1 Tofind X andy. 



Fromthefirstequat. 0?= 10 —^; hence, 2a? = 20 - 2y, 
by subst. 20 — 22f — 3y = 5 
20 — 5 = 2y -f 3y 

. hence also, x = 10. -. l/.=%40 — 3 ss f . 

I 

2' Method. Find an expression for one of the 
unknown quantities, in ekeh lequätiön ; put these 
expressions equal to each other, and froni the re- 
sulting equation the other unkl^own quantity may be 
found. 

From the first eqüat. a: = a — y 
from the s^nd, 6x ^ d, - c^f, and x - ^1^ 

therefore, a - y = r— ^ 

ba — ftjr 






\ 

N. 
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ba — 'Äy = rfe — cy 
et/ - 6y Ä rfö. - ba 

c ^ b .y ^ de -- ba 
de -^ ba 



y 



-t-r- 



x=a- 



c-6 • 
AIso^ X =s Ä 1- y ; ihat'i«, 

de-^ba ^ ca — ba — de+ba _ca-de 
c^b -c-6 c — Ä 



3"* Method. . If either of the uiikno\tn quäntities 
have tfae same coefficient in both- equ^tions, it may be 
exterminated by subtracting, or adding, the equations^ 
according as the sign of the unknown quantity, in the 
two'jcases^ is the same or different. 

(x + y s 15) 

By subtraction^ 2y = 8^ andy ss'4 

By additionj 3 a? =-2Ä>~ and ar = 11 (Art 67). 

If the coefficients of the unknown quaiitity to be 
exterminated be diflferent^ multiply the terms of the 
first equation by the coefficient of the unknown 
quantity in the second^ and the terms of the second 
equation by the coefficient of the same unknown 
quantity^ in the first ; then add, or subträct^ the re« 
sulting equations^ as in the former case. 

Ex. 1. Let ^2x + 7y^8l\ Tofinda?andy. 

Multiply the terms of the first equation by 2^ and the 
term» of the other by 3, 

then 6x - lOy = 36 
6x + aiy = 343 
t By 



By subtraction^ -r 31y =? — 817 

also, 3x ^ 6y = 13, or3a?--35 = 13 
therefore, 3x = 13 + 36 = 4« 

and 0? =s --T Ä l6. 

3 . 

Ex. 3. 

From the first, max + mfty == mc 
from the other» max ^ nay == arf 
by subtraction, mhy ^*nay ^mc - aif 

• tberefpre, y = ^^^ . 

A^iXi, nax + nft^^. = nc 
mhx -• n &y == Ja? 
by addition, lia -h'wife.a? » ni? + hd 
;,, -• ne4- hd ' 

Ex. 3. ■ 



A. 4 2 3-/ 



Let ^ ' V To find x andy. 



■ *, 4a? 4- 2y 
!pcom th^ ßrat equat 3^ - Sy + P =?= *^~r — ^ 

I6a?— 2öy+30 = 4a? + Äy 
iSj? — 4a?-25y-2y=s — 30 
.lla?-27y=-30 
I from 
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' 4j? 4i/ ■ '.4y 

from thesßcondequat. 32-a: + 2^a= — +-^^^x + -^ 

96-3a?+6y=s6x+4y 
V ^ 96=6x+3Ä? + 4y-6^ 

or9j:-2y = 96 
and IIa?- 27y== -30 
hence 99 jj - 22^^^ 1056 
and 990:- 243^== -270 
221y= 1006 + 270= 1326 
1326 ^ 

^ 221 

/■ • 

also, 9x- 2^ = 96 
OF 90^—12=96 
9j?=^96 + 12 = 108 

a:= -—- =12. 
9 

(144.) • If there be three independent simple equa- 
tions, and three unknown quäntities, reduce two of the 
equations to one, contaming only two of the unknown 
quantities, by the prededing rules ; then reduce the 
third equation and either of the former to one, con- 
taining the same two unknown quantities ; and fironi . 
the two equations thus obtained, th^ unkuQwn qua^i* 
tities which they involve m^iy be foundV The third, 
quantity may be found by substituting their values in 
any of the proposed equations. 

Ex. 

2a?+3y + 4Ä = l6 
Let J3x+2y-5Ä = 8 l To find jr, y and «. 



r2a?+3y + 4Ä = lbj 

.et J3x+2y~5Ä = 8 C 

(5a?-ey+3;r=6 ) 



From 
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From the two first equat. 6a?-*-9y+12Ä = 48 

6x+4y- 10ä = i6 

by subtr. 5y+22z — 32 
from the first and third, IOä? + 1 öy + 20 ä = 80 

lOx- 12y + 6Ä=:13 
by subtr. 27y + 1 4 » = 68 
and 5i/ + 22z = 32 
hence 135y+70«=340 
and 135y + 594;s = 864 
by subtr. 5 24 ä = 524 

5y+22Ä=32 
that is, öy + 22 = 32 

5y=:32-22 = 10 

V= -— =2 

2a:+3y+4Ä= l6 
that is, 2 j? +6 + 4 = l6 

2a?=l6-6-4=6 

;«?=3. 

The same method may be applied to any number 
of simple equations. 

(l45.) That the unknpwn quantities may have 
definite values, there must be as many independent 
equations as unknown quantities. When there are 
more equations than unknown quantities, the value 
öf any one of these quantities may be determined 
from difierent equations ; and should the values, thus 
found, difier, the equations are incongruous ; should 
they be the same; one or mo|;e of the equations are 
unnecessary. When there are Jewer equations than 
unknown quantities, one of these quantities cannot be 

found 
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found, but in terms which involve smne of the rest, 
whose values may be assumed at pleasure ; and in such 
cases the number of answers is indefinite. 

Thus^ if x-^yrzüy a?=a-y; and assuming y 
at pleasure^ we obtain a value of Xy such^ that 
x+y^a. 

These equations must also be independent, that is, 
not deducible one from another. 

Let x+y=a, and 3ar+2yj=2a; this latter equa- 
tion being deducible from the former, it involves no 
difierent supposition, nor requires any thing more 
for ifs truth, than that x+y^a should be a just 
equation, 

PROBLEMS WHICH PRODÜCE SIMPLE 

EQUATIONS. 

(146.) From certain quantities which are known, 
to investigate others which have a given relation to 
them, is the business of Algebra. 

When a question is proposed to be resolved, we 
must first consider fully it*s meaning and conditions. 
Then substituting for such unknown quantities as 
appear most convenient, we must proceed as if they 
were already determined, and we wished to try 
whether they answer all the proposed conditions 
or not, tili as many independenf equations arise 
as we have assumed unknown quantities, which 
will always be the case if the question be properly 
limited (Art. 146) ; and by the Solution of these 
equations, the quantities sought will be determined. 

Prob. 1. 



74' PROBLIiMS WHICH PRODUCE 

. • ••'■ 

Prob. 1. 

A bankrnpt owed A twice as mach as he owes h^ 
and C as much as he owes A and S together ; out of 
jB. 300, which is to be divided amongst them^ what 
müst eaeh receive ? ^ 

Let X represent what H must receive ; 
' then 2 0?= what A must receive, 
and j? + !2a:, or 3 a:, = what C must receive ; 
amongst them they receive dß.300 ; therefore 
a? + 2Ä?+.3i? = 300 
6a? = 300 

300 ^ X .. T% 

x = -7r-=2 60, what B must receive 
o 

2x=100, what -4 must receive 
3x=lö05 what Cmust receive. ^ 

Prob. 2. 
To divide a line of i5 inches into two such, parts, 
that one may be three fourths of the other. 
,Let 4 a? = one part, 
then 3 0? = the other. 

7^ = 15, by the question^ 
_15 

60 4 

4a?=-r'=8-, one part, 
7 7 

30?=--- = 6'-, the other. 
TT 

Prob. 3. 

. If A can perform a piece of work in 8 days, and B 
in 10 days, in what time will they finish it together? 
Let X be the time required. 

In 



^.^ i5IAfpj-|L JB(BtVAi;iQiI5^^ . -^ ^ 






- i:m\':..'.: "* • 



time, JSperforms j^ parte of it; and cälftng the 
work 1, 

8 .10 

10x + 8a? = 8a 

13x^80 . , 

J8 18 9 / .. 

■ Prob. 4.- '' ■■■ ^■ 

. . ■ : . •' ■ . . . .■ : •• i .■.■/,,•. . • ,:,, 

A workman w^s eippjkijed for 6o /jl^^s^ionpondi^ 
tion thatior every dsgr haworked he sbcHiId receive 
15 pence ; and for every dary he piayed he should for- 
feit i penc^; ^t the encjl, 4>f the time he had 20 
shilhngs to receive ; required the number of days he 
worked. 

Let X be the number of days he worked, 
then 6o - p? is the number he piayed, 

15 a? bis pay, in pence, 

300 - 6 J?, sürii forfeited, 

1 5 X - 300 + 5 0? = 240, by the question, 

20x = 240 + 300 = 540 

a? = 27, the days he worked, 
60 — X :s 33, the days he piayed . 

Prob, 5. 

How niuch rye, at four Shillings and sixpence a 
bushel^ must be mixed with 50 busheis of wheat, at 

siTC 
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six Shillings a bushel, that the mixture may be wörth 
five Shillings a bushel ? 
Let X be the number of busheis required ; 
then 9^ is the price of the rye in sixpences 
6qo the price of the wheat 
50 + 0? • 10 the price of the mixture ; 
therefore, Qx + 6oo = 600 + 1 Oa: 

and 100=^7, the number of busheis required. 

Prob. 6. 

A and B engage together in play ; in the first game^ 
A wins as much as he had and four Shillings more, and 
:finds he has twice as much as £; in the second game, 
B wins half as much as he had at first and one Shilling 
more, and then it appears that he has three times as 
much 3S A; what sum had ea)ch at first ? 

Let X be what ^ had, in Shillings, 
y what B had 

2x4-4, what A has afler the 1"* game 
y - j? - 4, what B bas 
by thequestion, 2a? + 4 = 2y — 2a; - 8 
^ or2y — 4a:=sl2 
y--2x^Q 

also, y — j?— 4+ - + 1, what B has after 



the second game. 



y 



2a? + 4 - - — 1, what A has ; 
2 , 

by thequestion,y-a?-4+ '1 +l=6x+12- ~ "^ 

or 2y-2a?- 8+y + 2 = 12a:+24 — 3^-6 
hence 6y— 14a? = 24 

or3y-7'^=12 

also^ 
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T 

therefpre^ dy - 6 j? = 1 8 
by Subtraktion^ xs 6 

Prob. 7. 

A smuggler had a quantity of^ brandy which he 
expected would raise «^9 : 18^. ; after he had sold 10 
gallons^ a revende offioer seized one third oJT the re- 
mainder^ in consequence of which he-makes only 
£8 : 2^. ; required the number of gallonä he had, and 
the price per gallon. 

Let X be the number of gallons ; 

1Q8 
then -^ is the price per gallon^ in shillingSj . 

— - — the quantity seized, 

• — - — X -^ the value of the quantity seized^ 
which appears by the question to be 36 Shillings ;. 
the«fore.f^xiH.36 

ar— lOx 66 = 360? 

66a:-66o=36x 

30arB66o 

X » 22, thei number of gallons, 

■ »»i = i?! = 9shiHing8,thepricei«rgalk«. 

• - « 

Prob. 8. 

A and B play at bowls, and ^jf bets B thret Shillings ' 

to 



4C 
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i 

tp two upon every game ; after a eertain humber of 
games it appears, that A ha^ wöi^ tht^ shiltkigs^ but 
had he ventured to bet five- ^iUingd to tW6, and lost 
one game more out of the same numbef, ti^ wouM' 
have lost thirty shifitn^s : hoiv mäny games did they 
play? 

Let X be the number <rf games A won, 
, . . y the number B won, 
then 2 a? is what ^ wön of B, 
and 32^ what B Wort of^. - I-^ * 

Öi-3y==3, by the queS«iön; y* 

a? — 1 .2,-^would win öntHe 2*süp(>bsitiöti, 

V + 1.5, £would win, 

5y +Ö - 2x 4- 2 =30, by tht qiüfestio^, 

ör 5y — 2j? = 30-5-2 = 23 / . ^ 
therefopc; 6y-^2j?=23; ^ . .— ^';^.it 

and 2x-3y=3 
by addition, 5^ — 33/^^26 .. 

2y = 26 

. ,2a?=:3-H3v=;3+39 = 42 
•■ x = 2l 



r ■ ' _. . T» 



C «'■• {v;7 



.r+^s34, the number of^gamesw 



:■• , i j 



Prob. 9, 

t 

A sum of money was divided eqüälly' amongst a 
eertain numbef of personsV liäd thö^böen three more, 
e9(^;iwou)4: h;»ve rcceiyetj one shjlUng l^Ü and had 
they been two fewer, each would have received one 
Shilling more than he did: required the number of 
p^rspi^M and wMt ^ch received. . 
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, Let X be the number of persons^ 

y the sum each received, in shiUings ; 
then xy is the sum divided, 

, ^ >• hy the question ; 

2X^0 x-^xy + l—xy) • 

therefore, xy-^x + SyS :=:^xy 

or — a?+3y=a 

and ary+x— 2^ — 2 =a:iy 

orx--2y=:2 

also, -jp + 3y=3 ' 

. therefore, ^ =s 5 * 

hence j?- 2y=;F- io=c2. 
orxsBi2. 

ON QUADRATIC EQUATrONS. 

■ (147.) When the tertiifs of aiii equation involve the 
Square of the unknot^n quantitjr, but the firrt power 
does not appear, the value of the squafre is obtained 
bjr the ptSeceding rules; and by extracting the squäw 

root ön bofh sidei^^ the qüantity itself is found. 

■••■'» 

Ex. 1. ; ' ■ V • 

■ ■ ■ ' • • t a 

Leu 50^ — 45 3sO ; to find X. 
By trans. ö^* = 4d 

therefore (Art. 141), x=v'9===*=3. 

Thq signs+and— are both prefixed to the root, 
because the square root of a quantity may be either 
positive or negative (Art. 122). The sign of x may: 
also be negative ; but still ä: will be either equal to 
+3 or-3. 

Ex. 2. 
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Ex. 2. 

Let aoc^ = bcd; to find x. 
^_hcd 

"* IT 

bcd 



, A / bcd 

a? = ± V 

a 



(148.) If both the first and second powers of the 
unknown quantity be found in an equation^ arrange 
the terms according to the dienen sions of the unknown 
quantity^ beginning with the highest, and transpose 
the known quantities to the other side ; then, if the 
Square of the unknown quantity be afiected with a 
coefficient/ divide all the terms by this coefBcient^ 
and if it's sign be negative, change the signs of all 
the terms (Art. 137)> that the equation may be re- 
duced to this' form, or' ±pj: = ± j. Then add to both 
sides the square of half the coefficient of the first 
power of the unknown quantity, by which means^ 
the first side of the equation is made a complete 
Square, and the other consists of known quantities ; 
and by extracting the square root on both sides, a 
simple ecjuation is obtained, from which the vaUie of 
the unknown quantity may be found. 

Ex;. 1. 

Let a^ '\'px=:q; now, we know that x'^ +px+ ^ is 

the Square X 4-^ (Art. 127); add therefore, ^ to 

2 4 

both sides^ and we have 

x'^+px 
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af^^px+^ = flf-f ^ ; then by extracting the Square 

4 4 

root on both sides, 



^l^±y/7^: 



a? +C =s ± V ? + - > and by transposition 

In the same manner, i{a^^px = q, x is found to be 

Ex. 2, 

Let jf- 12j? + 35=0; to find ot. 
By transposition, j?'-12x=— 35, and adding the 
tBquare of 6 to both sides of the equation^ 

j;*-12jp +36 = 36 -35 = 1 ; 
then extracting the square root on botli sides^ 

a?-6=±l 

x = 6±l=7 or 5; either of which, 
substituted for x in the original equatiou, answers the 
condition^ that is^ makes the wliole equai to nothing. 

. Ex. 3. 

6 2 

Let — - 4- - = 3 ; to find x. 

X + l X 

^ 2x + 2 

OH = 3a? + 3 

X 

6x + 2x + 2 = 3x* + 3x 
Za? — öJT = 2 

, ö« _ 2 
*^ "" 3 3 

«_5x 25 _ 25 3 
3 ■*■ 36 "" 3b ■•" 3 

F X — 
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5 _ 7 
'^~ 6 ~-g 

5 •+ 7 2 

^=-g- = 3, or-g. 

In this example^ -rj and - are to be reduced tb a 

common denominator^ and since 36 is a complete' 
squarey the most convenient method for the Solution, 
is to multiply both the tiumerator and denominator 

of - by 12, that the common denominator may be 

3 

a Square number (Art. 20). 

Ex. 4. 

(149.) Let X + mJöx + 10 = 8 ; to find x. 

By transposition, >^5^ + 10=8— ^ 

squaring both sides, 5a? + 10=64 — l6a?+a?* 

^*-21x = 10-64=-ö4 

w .u a «, . 441 441 
completmg the square^ x^— 21:rH = — 54 

441-216 . 441 225 
= , or jp* - 21 a? + a= 

4 4 4 

extracting the Square root, a? - — = ± — 

2 ^ 

^I + IÖ o 

a?= — = — =3 or 18. 
2 

By this proeess two values of x are found ; but 

on trial it- appears^ that 18 does not answer 

the condition of the equation, if we suppose that 

\/bx + 10 represeqts the positive Square root of 

bx + 10. 
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5j?+10. Thereasonis, that öa? + 10 is the Square 

of-^öar+lO as well as of +>y 5^TTo ; thus by 

squaring both sides of the equation Aydo^-f-lOsS-^^ 
a new condition is introduced, and a new value of the 
unknown quantity cörresponding to it, which had no 
place before. Here^ 18 is the value which corresponds 

to the supposition that o?- x/^^+ 10=8. 

It should be particularly observed, that, since 
+ ^X +y is equal to — xx -"^, in the multiplication 
and Involution of quantities, new values are always 
introduced^ which, if not again excluded by the nature 
of the question, will appear in the final equation. 

(l öO.) Every equation, where the unknown quantity 
is found in two terms^ and it's index in one is twice 
as great as in the other, may be resolved in the same 
inanner. 

Ex. 5. 

Let )8 + 4^i = 31. 

« + 4ä4 + 4 = 21 + 4 = 25 

jk4 + 2 = ± 5 

%i = + 5 — 2 = 3, or - 7, 
therefore % = 9, or 49. (See Art. 149). 

Ex. 6. 
Let a?~' + x'^^ = 6 

X ^x .+-=6 + - = - 

x"^ + § = ± •{• 

» — 1 +5 
a?-4 = — ^ =2, or-S 
2 

and ar^ s 1^ or - 4-. 

F2 Ex. 7. 
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Ex. 7. 
Let y*- 6y'- 27 = 0, 
yt- 6/= 27 
y4_ 63/»+9 = 27 + 9 = 36 

y"»— 3 = ± 6 
,/=3 ± 6 = 9, or-3 
y = + 3, or ± *y -3. 

Ex. 8. 

Let t/^ + ri/^+ ^ = O- 

r ^ . »•* »•' 7* 



"^ 2 *" ^ 4 27 



(151.) When there are more equations and uhknown 
quantities than one, a single equation^ involving only 
one of the unknown quantities^ may sonietimes be 
obtained by the rules laid down for the Solution of 
simple equations ; and one of the unknown quantities 
being discovered, the others may be obtained by 
substituting it's value in the preceding equations. 

-Ex. 9. 



Let J > To find x and y. 






From 
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I 

From the first equation, 2x-x +j/ = 8 

or a?+y = 8 
and 0? = 8 — y 
from the 2^ equation, xy + 2i/-x-3i/=iX+2 

ov xy-'2x — y:=^2 

by Substitution, 8-yx y-2x8-y-y = 2 

9y-y> = l6 + 2=18 

9 3 

2 — 2 
^= 9f^ =6, or 3 

a? = 8 -y = 2, or 5. 

The Solution will often be rendered more simple 
by particular artffices, the proper application of which 
is best leamed by experience. 

Ex. 10. 

Let ) ^ Z f To find x and y. 
\xy^2S 5 ^ 

From the second equation, 2xy — bQ 
and adding this to the first, x^'k-2xy +y =121 
subtracting it from the same, a?^ — 2 j:y +y* = 9 
by extracting the sq. roots/a?+y = ±11 

and x-y^ ±3 
therefore, 2 a: = ± 1 4 

j? = 7, or— 7 
and y = 4, or - 4. 

(152.) It may sometimes be of use to Substitute for 

one 
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one of the unknown quantities^ the product of the 
other and a third unknown quantity *• 

Ex. 11. 

Let i**"^^?7^!l To find ^ and y. 



Let vy^x 
then t;*y*+i;y'=13 
and vy*— 2y*=si 

Irom the former, y* = -r-- — 
from the .latter, y * = ■■ 



therefore, - 
t 


12 


1 

«—3 




or t 


>*+v=: 


13V-34 




r*- 


-llVs 


-24 




s 


-llt>+ 


121 131 

4 4 


-34 


- 


= 


131-96» 

4 


25 

4 


heoce. 


11 


5 

= ±2 





11 + 5 « 
t?= — f^=8, ora 

3 

^= ;?::2 = g» °'' * 

y:.±;^,or±l 

8 
j? = t;y=s + --=, or±3. 



* This Substitution may be successfiilly applied wheaever the 
tum of the dimensions of the unknown qaantities« in every term 
of each equation^ is the same, 
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(153.) The Operation may sometimes be shortened 
by substituting for the unknown quanfities» the sum 
and difiference of two others *. 




Lct \ y ^ r To find X and y. 

Assume x=z+v 
andy=Ä — r 
then a?+y = 2%=12 

hence^ a?=6+t; 
andy = 6— v 

jp^ 1/* 
also, since -r- + "^ = 18 J 

^ y X 

anda? = 6+t;f = 2l6 + 108t;+18i;'+v^ 

y3=:6-t;f =2l6- 108v+18t;'-t;» 
therefore, ^ 4-^^ = 432 + 36v* 

xyssÜ + vx 6'-i; = 36 — v* 
18a?3^ = 648- ISv? 
but a?3+y' = 18a?y 
therefore, 432 + 36v* = 648- ISv* 
54i;* = 2l6 
» 216 ^ 
^ = 11=^ 

V=:±2 

Xs=6±2sz8 or 4 
yx36 + 2s4or8t 

PROBLEMS 



i"V 



* Thb artifice may be used, \vheii the unknown quantities ia 
tach equatioQ ar^ similarly inVolved. 

t Other methods are given by Dr. Waring, Med. Alg. Cap. 4. 



"'v 
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PROBLEMS PRODÜCING QUADRATIC 

EQUATIONS. 

Prob. I. 

(154.) A person boiiglit a certain number of oxen 
for 80 guineas, and if he had bought 4 more for the 
sanie sum, they would have cost a guinea a piece less ; 
required the number of oxen and price of each. 

Let X be the number, 
then — is the price of each, 

and the price of each on the 2* supposition, 

= 1, by the question. 



J? + 4 X 

^^ SOj? 4-320 

80= Är-4 

X 

80j: = 80a?+32ü-a?*-4x 

0?* + 4 a? =320 

4C* + 4jp + 4 = 324 

a? + 2= ±18 

a?= ±18-2=l6 or -20, 

80 80 ^ . 4,u ' e 1^ 

— = -rj = 5 gumeas, the price of each. 

In this, and in many other cases, especially in the 
Solution of philosophical questions, we deduce, from 
the algebraical process, answefs which do not corre- 
spond with the eonditions. The reason seems to be, 
thatthe algebraical e'xpression is more general ihan the 
cqm9ion language, and the equation which is a proper 

representation 
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representation of theconditions, will also express other 
conditions, and answer^ther suppositions. In the fore- 
going instance, x may eith^r represent a positive 
or ^ negative quantity, and cannot in the Operation 
represent a positive quantity alone (Art. 149) ; and the 

equation = 1, when x is negative, or re- 

presents the diminutibn of stock, will be a proper 
expression for the Solution of the following problem : 
A person sells a certain number of oxen for 80 guineas ; 
and, had he sold 4 fewer for the same sum, he would 
hav\e received a guinea a piece more for them ; re« 
quired the number sofd. 

Prob. 2. 

(155.) To divide a line of 20 inches into two such 
parts, that the rectangle under the whole and one part, 
may be equal to the square of the other. 

Let X be the greater part, then will 20 — j? be the less, 

and j?* = 20 - ar . 20 = 400 - 20x, by the question, 

j?* + 20i» = 400 

a?* + 20x + 100 = 400 + 100 = 500 

Ä?+10= ±sj bi)0 

j?= +\/500- 10, or- v^jOO- 10. 

The Observation contained in the preceding article 
mäy be applied here ; and it is to be remarked, that 
the negative values thus deduced are not insignifi- 
cant, or useless. Here the nesjative value shews, that 
if the line be produced ^ 5U0 + 10 inches, the square 
of the part produced is equal to the rectangle under 
the line given, and the line inade up of the whole and 
part produced. 

Prob. ^. 
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Prob. 3. 

(156.) To find two numbers, whose sum^ producta 
and the sum of whose Squares^ are equal to each other. 

Let x-^jf and a?— y be the numbers> 
their sum is 2^ 
their product cc^—y^ 
the SU m of their Squares 2 o?* + 2y* 
and by the question 2 j? = 2 a?* + 2y* 

orj?=a?^+y* 
also, 2a:=a?*-y* 
therefore, 3 j? = 2 a?* 



3 




2^ = X*— ^ 




or3=^-.V* 
4 "^ 




^ 4 . 4 


-3 

4 



y=±^ 



3 
2" 



3 

Since the square of every quantity is positive, a 
negative quantity has no square root ;' the conclusion 
therefore shews that there are no such numbers as the 
question sapposes*. 

ON 



* An excellent collection of Problems, producing siniple and 
quadratic equations^ has lately been publUhed b}*^ the Rev. 
M. Bland. 
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ON RATIOS. 



(157O Ratio is the relation which one quantity bears 
to another in respect of magnitude, the comparison 
being made by considering what multiple, part, or 
parts, one is of the other. 

Thus^ in oomparing 6 with 3^ we observe that it has 
a certain magnitude with respect to 3, which it contains 
twice ; again, in comparing it with 2, we see that it 
has a different relative magnitude^ for it contains 2 
three times, or it is greater when compared with 3 
than it is when compared with 3 . The ratio of a to 6 
is usually expressed by two points placed between them, 
thus, a : b; and the former is calied the antecedent of 
the ratio^ the latter the consequent. 

(1Ö8.) Cor. 1. When one antecedent is the same 

multiple^ part^ or parts^ of it's consequent^ that another 

antecedent is of it's consequent^ the ratios are equal. 

Thus, the ratio of 4 : 6 is equal to the ratio of 2 : 3^ 

t. e. 4 has the same magnitude when compared with 6, 

..42 
that 2 has when 'compared with 3, since ^ = 5; die 

• a c 
ratio of a : 6 is equal to the ratio of c : dy '^^ t ^ J9 

because r and ^^ represent the multiple, part, or parts, 

that a is of hy and c of d. 

(IÖ9.) Cor. 2. If the terms ofa ratio be multiplied 
or divided by the same quantity, the ratio is not 
altered. 

(160.) Cor. 
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(160.) Cor. 3. That ratio is greater than another, 

whose antecedent is the greater multiple, part, or parts, 

of it*s consequent. Thus, the ratio of 7 2 4 is greater 

7 35 
than the ratio of 8 : 5 ; because ^ , or •-- is greater than 

4 20 ^ 

8 32 

-, or *— T. These conclusions follow immediately from 

our idea of ratio. 

(161 .) A ratio is called a ratio qf greater inequalittfy 
of less inequality, or of equality, aeeording as the 
antecedent is greater, less than, or equal to, the con- 
sequent. 

(162.) A ratio of greater inequality is dirninishedy 
and of less inequality increased, by adding any quan^ 
tity to both ifs terms, 

If to the terms of the ratio 7 '• 4, 1 be added, it be- 
comes the ratio of 8 : 5, whieh is less than the forraer, 
(Art. 160). And in general, let x be added to the terms 
of the ratio a : ä, and it becomes a + j? : ä 4- a?, which 
is greater or less than the former, aeeording as 

T is greater or less than 7 ; or, by reducing them 

j . ^ ab + bx . 

to a common denommator, as , is greater or 

, b,v-\'X 

less than —-=== ; that is, as b is greater or less 
b.b+x 

than a. 

(163.) Hence, a ratio of greater inequality is in- 
creased, and öf less inequality diminished, by taking 
from the terms a quantity less than either of them. 

(164.) If the antecedents of any ratios be multiplied 
together, and also 'the consequents, a new ratio re- 
sults, which is said to be compounded of the former. 

Thus, 
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Thus^ ac i hd is said to be compounded of the two 
a : b and c x d. It is also sometimes called the sum 
of the ratios ; and when the ratio a : & is compounded 
With itself^ the resulting ratio^ a^ : h'y is called the 
double of the ratio of a : b^ and if three of these ratios 
be compounded together, the result c? xlfi^ is caüed 
the triple of the first, &c. Also, the ratio of a : 6 is 
said to be one third of the ratio of a^ : 6^ ; and 

a» : A* is said to be an w*^ part of the mtio oi a ib. 

(165.) Let the first ratio be a : 1 ; then a* : 1, a' : 1, 
..•.a" : 1, are twice, three times, ...n times the first 
ratio ; where. n, the index of a, she^v^s what multiple, 
or part, of the ratio a** : 1, the first ratio a : 1, is. 
On this account, the indices 1, 2, 3, ...n, are called 

measures of the ratios a' : 1, a* : 1, a^ : 1, 

a* : 1. 

(166.) Ifthe consequent ofthe preceding ratio be 
the antecedent qfthe succeeding one, and any number 
qfsuch ratios be taken, the ratio which arises Jrom 
their composition, is that of the first antecedent to 
the last consequent. 

Let a : &, b : c^ c : d, &c. be the ratios, the Com- 
pound ratio is axbx c : bx ex d, (Art 164.) ; or, 
dividing hy bx c (Art. 1 09), a : d. 

(167-) ^ ratio ofgreater inequality, compounded 
with another^ increases it ; and a ratio of less in^ 
eqvuditjf diminishes it. 

Let the ratio of j? : y be compounded with the ratio 

of a : b, and the resulting ratio ax : bt/ \s greater or 

ax 
less than the ratio a : b^ according as j--. is greater or 

less 
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less than r (Art l6o) ; i. e. according as o? is greateir 

or less than y. 

(168.) Ifthe difference hetween the antecedent and 
consequtnt of a ratio bi small when compared toitk 
either qfthem^ the double of the ratio, or the ratio of 
their Squares, is nearly obtained by doubüng tfds 
difference. 

Let a 4 j? : a be the proposed ratio, where x is small 
when compared with a ; then tf + Sax+J?* : a* is the 
ratio of the Squares of the antecedent and consequent ; 
but since x is small when compared with a, a^ or x 
X J? is small when compared with 2a xx, and much 
smaller thau ax a; therefore, a*+3ö^ s «*, or a + 3a? 
: a (Art 159), will nearly express the ratio of a' + 

Thus, the ratio of the Square of 1001 to the Square 
of 1000 is nearly 1002 : 1000 ; the real ratio is 
1002.001 : 1000, in which the antecedent differs from 
if s approximate value, only by the thousandth part 
of an Unit 

(169.) Cor. Hence, the ratio of thesquare root of 
0+207 to the Square root of a is the ratio a+x : a, 
nearly ; that is, if the difference of two quantities 
be small with respect to either of them, the ratio of 
their Square roots is nearly obtained by halving their 

difference. 

i 

(170.) In the same manner, a-H3a7:a; a+Ax : a; 
a+mx : a; are nearly equal to the ratios a+a:]^ : a'; 

a+^l* : ö* ; a+£^ :«"*;. if mx be small when com- 
pared with a. 

ON- 



PROPORTION. 95 

ON PROPORTION. 

(171 Four quantities are said to.be proportionals, 

when the first is the same multiple^ part, or parts, of 

the second^ that the third is of the fourth. That is^ 

a c 
when r = ^> the four quantities a, 6, c, d, are calied 

proportional». This is usually expressed by saying, a 
isto b 2iS c to d; and thus represented, a : b :: c : d. 

The terms a and d are calied the extremes, and b 
and c the means. 

(173.) When four quantities are proportionalst th& 
product ofthe extremes is equal to the product ofthe 
means. 

Let a, bj e, d, be the four quantities ; then, since 

a c 
they are pro{K>rtionaIs^ h^S ^^^ ^71); and by mul- 

tiplying both sides hy bd, ad=bc. . 

(173.) Cor. 1. If the first be to the second as the 
second to the third, the product of the extremes is 
equal to the Square of the mean. 

(174.) Cor. 2. Any three terms in a propprtioä 
being given^ the fourth may be determined ifrom the 
equation ad=^bc. 

(175.) Ifthe product oftwo quantities be equal to 
the product oftwo otkersy the four are praportionals, 
making the terms of one product the m^ans, and the 
terms of the other, the extremes. 

X b 
Let xy^ab, then dividing by at/, - = -, or a? : a :: 

b \y. (Art. 17 1). 

(176.) If 
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(176.) If^ : b :: c : d, and c : d :: e : f, then will 
a : b :: e : f. 

iSecause r = ■« and :> = 7.; tnerefore. r = •/•; or a : 
a d j f 

h :: e i f. 

{}77') Iffo^^ quantities be proportionals, they are 
also proportionals when taken inversely. 

If a : b :: c : d, then b : a. :: d : c. For r = -,, 

d 

and dividing unity by each of these equal quan- 
tities, er taking their reciprocals, . - = -; that is, 6 : 

a :: d i c. 

(178.) Iffour quantities be proportionalst they are 
proportionals when taken altern ately. 

\i a xb IX c \ d, then a \ c iib x d. 

Because the quantities are proportionals, r = ^ ; and 

multiplying by -, - = ^, or a : c :: b x d. 

Unless the four quantities are of the same kind, the 
alternation cannot take place, because this Operation 
supposes the first to be some multiple, part, or parts, 
of the third. 

One line may have to another line the same ratio 
that one weight has to another weight, bat a line has no 
relation, in respect of magnitude to a weight. In cases 
of this kind, if the four quantities be represented by 
numbers, or other quantities which ai^ similar, the 
alternation may^take place, and the conclusions drawn 
from it will be just. 

(179.) When 
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( 1 79-) Whenfour quantities are proportiönals, the 
first together with the second, is to the second, as the 
t/ärd together with thefourthj is to thefourth. 

Let a : & :: c : rf, then 
coftiponendo^ a + b : b :: c + d : d. 

Because 7 = ^ > ^7 addingunity to each side, 7 + 1 

= -,+ 1 ; tnatis, — z — = — r- ; or. a + o : b :: c+d : d. 
ä od 

(180.) Also, dividendo, the excess oft hehrst above 
the secondy is to the second, as the excess of the third 
above thefourthy is to the fourth. 

a c . . ' 

Becaüse 7 = -^, by subtracting unity from each 

8ide, I "" 1 •= j — 1 5 tnat is, --t— = — T'» or, a- 6 

: i :: c— rf id., 

(181.) Again, convertendo, thejirst is to ifs excess 
above the second, as the third to ifs excess above the 
fourth. 

By the last article. —7— = — 7— ; and - = - (Art. 
^ b d a c ^ 

,*-.-\ o n a-^b b c—d d a^b 

177) ; tnerefore, — j— x - = — ?— x - ; or, = 

^ a d c a 

c^d 

, that is, a-b \ a V. c-d \ c\ and inversely, 

I 

a : a — 6 :: c : c — rf. 

(182.) fVhenfour quantities are proportionals, the 
sum qf'the Jirst and second is to their dlfference, as 
the sum of the third andfourth, to their dijference. 

Let aib V. c \ dl then, a + 6 : a- 6 :: c+rf: c— rf. 

G By 
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By Art. 179, ^ = ^i and by Art. 180, ^ 

(Art. 70); or, r = -ni that is, a + i : a — i :: 

c-^d : c^d. 

(183.) IVhen any numher of quantities are pro- 
portionals, as one antecedent is to ifs consequent, so 
is the sum of all the antecedents, to the sum of all 
(he consequents. 

Let a i b :i c : d :\ e \ fy &c. 
.then a : b :: a'\'C'\'e : b+d+f. 

Because 7 = -^, arf = &c ; in the same manner, fl/*= be ; 

alfilo, ab=^ba; honce, ab+ad+qf:=:ba + bC'hbe, ov, 

a.b + d+J'=b^a + C'\-€; and by Art. 175^ a : b :: 
a+c + e : b + d+f. 

(184.) tVhen four quantities are proportionalst if 
thefirst and second be multiplied^ or dividedy by any 
quantity, as also the third and fourth, the resülting 
quantities will be proportionalst 

Let a : b :: c i d, then will ma : mb ::-:-• 

' n n 

l 

- . c 

For T = -:, ; therefore, — 7 = -; — (Art. 89) ; 
b d mb 1 j^ ^ 

- . tt 
n 

, c d 
or, ma : mb ::-:-. 

n n 

(185.) If the ßrst and third be multijMed^ or 

dimdedj by any quantity, and also the second and 

füfwrthy the resülting quantities will beproportionals. 

For 
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^^ 1 = :> ; therefore -7- = — r » and — r- = — 

^ n 11 

(Art. 69) ; or, ma : - :: mc : - . 
, n n 

(186.) Cor. Hence, in any proportion, if instead of 
the secoqd and fourth terms, quantities proportional to 
them be substituted^ we have still a proportion. For 

- and - are in the same proportioq with 6 and, 4 

(Art. 184.) 

(I87.) fn tivo ranks of proportionalst if tke cor-' 
responding terms be multiplied together^ the produ^s 
will be proportionals. 

Let a : b :: c : d 
9nd e : f V. g i h 
theh will ae : bf :: cg ; dh 



I 



Because^^f, andj.=|; therefore, g=g; or, 

ae : bf :: cg : dh. 

This.is calied compoutuUng the proportions. 

The proposition is true if applied to any number qf 
proportions. 

(188.) Iffour quantities be proportionalst the like 
powersy or roots of these qtiantities, wiÜ he pro- 
portionals. 

a c Ob (j 

Let a i b \: c X d. then t = ■:>, and 71 = -r ; or. 

b d b^ d'^ * 

fl* 2 fe** :: c" : rf'* ; where n is whole or fractional; 

(I89«) If ttm numbersj a and h, be prime to each 
other, thejf are the least in that propörtUm. 

G3 If 
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et ' c 
If possible, let 7 = ;)> where a and h are prime to 

cach other, and respectively greaitr than c and d. If x 
the latter numbers be not prime to eaeh other, divide 
them by their greatest comrtion measure. Then divid^ 
a by hy and c by dy as in Art. 90 ; thus, 

b)a{m d)c(m 

x)b(n r)d{n 

and because ? = ^j the first quotients m, m, are equal; 

V 

€1 30 C V 3C V 

again^ since 7 =»^+7, and ^=m + ^, we have 7 = ;i> 
or - = - ; also, ' because b is greater than d, x is 

X V 

greater than r. In the same manner, - = - , and y is 

grefiter than s^ &c. thus the remainder in the latter 
division will become unity, sooner than the remainder 

in the former. Let ^=k 1 ; then - =r, and y, which is 

y 

greater than unity, will measure a and b (Art. 92), 
which is contrary to the supposition. 

' , d c 

Cor. Hence, if 7 = ;j > and a and b be prime to 

each other, c and d are equimültiples of a and b. 

(190,) If a and b be each of them prime to c, a& 
is prime to c. ^ ^ 

If notj let ab=:mry and c = ms ; then since a and b 
are prime to c, they are respectively prime to msy and 

therefore to w ; and because ab^^mr, yfe have — = 7 ; 

therefore 



/ 
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therefore b is ^ multiple of m (Art. 189- Cor.), which 
is absurd. • 

Cor. 1 . If 6 be equal to a, then a* and c have no 

common measare ; or — is a fraction in it*8 Iowest 

c 

temis. - 

Cor. 2. In the same m^nner. — , . — * &c. are frac- 

c c 

tions in their Iowest terms. 

Cor. 3. If a, 6, and c, be eacÄ of them prime to 
rf, e, and^ «Je is prime to rfe/! 

For, if a be praitie to d and e, it is prime to de, and 
if it be prime tp rfe and Jl it is prime to de f. In the 
same manner, b and c are prime to def; consequehtly, 
abc is prime to rfe/1 

Cor. 4. If a be prime to b^ a' is prime to 6% and 
o^, toi', &e. 

SCHOLIUM. 

(191.) In the definition of Proportion , it is supposed 
that one quantity is some determinate niultiple, part, 
or parts of anbther ; or that the fraction arising fronÄ 
the division of one Jl>y the other, (which expresses the 
multiple, part, or parts, that the former is of the 
latter), is a determinate fraction. This will be the 
case, whenever the two quantities have any commioa 
measure whatever. 

Let j? be a common measure of a and &, and let 

a:=imx. b:sznx ; then 7 = — =— , where m and n are 

b nx n 

whole numbers. 

But it sometimes happens that the quantities^ are 

incom-^ 
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ihcammensurablej or admit of no common measure 
whatever, as when one represents the circumference of 
a circle and the oth^r it's diameter ; in such cases^ 

the valud of T cannot be exactiy expressed by any 

17t 

fraction, — » whose numerator and denominator are 
n 

whole numbers ; yet a fractjon of this kind may be 
found, which will express it's value to any required 
degree of accuracy. 

Suppose X to be a measure of b, and \etb = nx; also 

^ let a be greater than mx but less than m + l .x; then 

•• is greater than — but less than -j or the dif- 

o ^ n n 

ference betweeii — and 7 is less than - ; and as x is 

n b n 

diminished, since" nx=ib. n is increased, and - dimi- 

n 

nished ; therefore by diminishing Xy the difference 

between — and « may be made less than any that can 

}je assigned. 

If a and b as ^ell as c and d be incommensurable^ 

and if when 1 lies between — and • , -5, Ue also 

n na 

between — and ^ however the magnitudes m and n 

are increased, ^ is equal to ^ . If they are not equal, 

they must have some assignable difiference^ and because 

cach of them lies between — and , this difierence 

n n 

is 
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is less than - ; but since n may, by the aupposition; be 

increased without limit, - may be diminished without 

n 

limit, that is^ it may become less than any assignable 

CL C 

magnitude ; therefore^ r and -% have no assignable dif- 

ference ; that is, r is equal to •?; and all the pfeceding 

propositions, respecting proportionalst are true of the 
' four magnitudes, a, Ä, c, d. 

ON VARIABLE QU ANTITIES. 

(192.) In the investigation'X)f the relation which 
rarying and dependent quantities bear to each other, 
the conclusions are more readily obtained, by ex- 
pressing only tvvo terms in each proportion, thau by 
retaining the four. 

But though, in considering the Variation of such 
quantities, two terms only are expressed, it will be 
necessary for the Learner to keep constantly in mind 
that four are supposed ; and that the Operations, by 
which our conclusions are in this case obtäined, are in 
reality the Operations of proportionals. 

(193.) Def. 1. One quantity is said to vqry directly 
as another, when the two quantities depend whoUy 
upon each other, and in such a manner, that if 
one be changed, the other is changed in the same 
Proportion. 

Let A and B be mutually dependent upon each 
other, in such a way, that if ^ be changed to any 
other value a, B must be changed to another value h^ 

sucb^ 
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such, that A : a :: B : b, then A is said to vary 
directly as A 

Ex. If the altitude of a triangle be invariable^ the 
areä varies as the base. For if the base be increased, 
or diminished, the area is increased or diminished in 
the satne proportion*. 

(194.) Def. 2. One quantity is said to vary in- 
versely as another^ when the former cannot be changed 
in any manner, but the reciprocal of the latter is 
changed in the same proportion. 

A varies inversely as jB, \Aoc -^), if, when A is 
changed to a, B he changed to 6, in such a manner 
that A : a ::-n ' r ; or A : a :: b z B. 

Ex. If the area of a triangle be gi von, the base varies 
inversely as the perpendicular altitude. 
. Let A and a represent the altitudes, B and b, the 

bases, of twoequaltriangles; then = (the 

area of ä triangle being the half of the rectangle under 
the base and perpendicular), or A x Ji=saxb; there- 

fpre (Art. 17^), A : a:: b : B :i -jz : 7. 

(195.) Def. 3. One quantity is said to vary as fwo 
others jointly , if, when the former is changed in any 
manner, the'product of the other two be changed in 
the same proportion. 

Thus, A varies as B and C jointly, (AocBC)y 
when A cannot be changed to a, but the product BC 
must be changed to 6 c, such, that Aza:: BC : bc. 

£x* 



* The sign oc placed between two quantities sigoifies that 
th'ey vary as each other^i 
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Ex. The areä of a triangle varies as it's base and 
perpendicular altitude jokitly. Let A^ jB, P, rcpre- 
sent the area, baSe^ and perpendicular altitude of one 
triangle ; a, 6, p, those of another ; then J5P =2-4, 

A BP 

and 6» = 2(1; therefore — = -r — . ox A i axi BP : bp. 

a bp 

(196.) Def. 4. One quantity is said to vary directly 

as a secoiid and inversely as a third, when the first 

cannot be changed in any manner, but the second 

multiplied by the reciprocal of the third, is changed 

in the same proportion. 

A varies directly as -B, and inversely as C, (Aoc -^Y 

when A \ a:\ j; '• --; A^ -B, Q and a, 5, c being corre- 

sponding values of the three quantities. 

Ex. The base of a triangle varies as the area directly 
and the perpendicular altitude inversely. The nota* 

BP A 

tion in the last Article being rctained, -j — = — ; and 

multiplying both sides by ^, .we have ^ = -^ = -. -f - . 

therefore, -B : i :: -^^ : -. 

In the foUowing articies, A^ B, C, &c. represent 
corresponding values of any quantities, and, a, J, c, 
&c. äny other corresponding values of the same 
quantities. 

{^97') Tfone quantity vary as a second, and tliat 
second as a third, theßrst varies as the third. 

Let A : a :: B : 6, and B : b :: C : c, then, (Art. 
176), A : a :: C : c. That is, AocC. In the same 

manner, if AocB and Boc •-;, then Aoc jr^. 

098A ff 



•' 
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(I98O If ^0 quantities vary respecttvely as a 
tkird^ their sum, or difference^ or the square raot qf 
their product, will vary as the third. 

Let Aoc Cand Boc C, then A±Boc C; also, s;/ AB 
oc C. B^ the suppösition, Aiaxi Cicv. Bxh\ there« ' 
ibre A : a :i B : b; altemately, A : B :: aib; and by 
composition or division, A ± B : B :: a±b : b ; alt. 

A±B: a±b :: B : b i: Cic; that is, CocA±B. 

Again, A i a :: C : c 
and B : b :: C i c 
therefore, AB : ab :: C* : c* (Art. I87) 

and >/"3fi : ^/^ :: C : c (Art 188) ; that 
is, CocsfÄB* 

(I99O Ifone quantity vary as another, it will also 
vary äs any multiple^ or pari, qf the other. 

Let AocBy and m be any constant quantity, then 

B 

because A i a v. B : b. A x a v. mB : rnb. or Aza:: — 

m 

h B 

: — (Art 184) ; that is, AocmB oroc — . 
m m 

(200.)- Cor. l. 1(A vary as -B, A is equal to B mul- 
tiplied by some invariable quantity. For A : a :: mB 
z mb; altern. A : mB :: a : mb; if therefore m be so 
assutned that A = mB. then in all cases, a = m &• 

(201 .) Cor. 2. If we know any corresponding values 
of A and B, the constant quantity m may be found. 

Let a and b be the two values known^ then mzz r-; 



and in general, Asz rx B. 

Ex. 
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Ex. LetSocT, and when 7=1 suppose 5=16^ 
tbeo Äsier*. 

(202.) If one quantity vary as another, any power 
or root qf the former will vary as the same potver or 
root of the latter. . 

Let AvBry as B^ then A : a :: P : b, and by Art. 
188, -^* : ö* :: -B" : i"; that is, A^ocB^, where n is 
yirhole or fractional. 

(20s.) Ifone quantity vary as another, and eack 
qf them he muUiplied or divided hy any quantity^ 
variable or invariable^ the products or quotients will 
vary as eack other. 

Let A vary as B, and let T be any other quantity. 
Then, by the supposition, A i a :i B : b; therefore' 

' ATiat :: BT : i/, and ^ : ^ :: ^7- : | (Art. 185). 

AB 

204.) Cor. UAocBy dividing both by JJ, 0^*0 

A 

oc 1 ; that is, -TT is constant 

(205.) Ifone quantity vary as tux) others jointly, 
either qf tke latter varies as thejßrst directly and 
the other inversely. 

Let VocFTy then by Art. 303, 

V V 

Foc ^ or Joe ~ . 

(206.) Cor. If the product of two quantities be in- 
vaiiable, those quantlties vary inversely as each other. 

» 

Let Bx Phe constant, or B x Poci ; by division, 
1 



BOLJ-, 



(2or.) If 
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(207.) If four quantities he always proportionals, 
and one or two of them be invariable, we mayfind 
how the others vary. 

* 

Ex. Let p, }, r, Sy be always proportionals, and 
let p be invariable, then socqr. Because ps^qr 
(Art. 172), psoc^r; andsincep is constant, Socqr^ 
(Art. 199). 

(208.) If one quantity vary as a second^ and a 
third as a Jfourthy the product of the first and third 
will vary as the product of the second andfourth. 

Let Ao^B and Coc/>, then JCocBD. 
Because A : an B i b 
and C : c :: D : d 

AC : ac :: BD : bd (Art. IS?) ; 
that is, ACooBD. 

(209.) When the increase or decrease qfone quan^ 
tity depends upon the increase or decrease of ttoo 
others j and it appears that ifeither qfthese lafter be 
invariable, the Jirst varies as the other ; when they 
both vary, the first is as their product. 

Let S^^V when T is given, 

and S^ T when Vi& given; 
when neither T nor V is given, S <x. TV, The varia* ' 
tion of S depends upon the variations of the two quan- 
tities T and V\ let the changes take place separately, 
and whilst T is changed to t, let S be changed to S^ ; 
then by the supposition, S i S"^ v.T \ t\ but this value 
S^ will again be changed to s, by the Variation of V^ 
and iathe same proportion that f^is changed ; that is, 
5" : s :: V : v, and by compounding this with the last 
Proportion, S" S \ S'sv. TV : tv; or, S : s :: TVitv 

(Art. 184). 

(210.) In 
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(210.) In the same manper, if there be any namber 
of magnitudes P^ Q, R, S^ each of which varies as 
another, f^ when the rest are constant ; when they are 
all changed, /^varies as their product. 



QN ARITHMETICAL PROGRESSIQN. 

(2ri.) Quantities are said to be in arithmetical pro- 
gression, when they increase or decrease by a common 
difierence. 

Thus, 1, 3, 5, 7> 9> &c* tfj ct + b, a+2bj a + 3b, 
&c. a, a--b, a'-2b, a-Sb^ &c. are in arithmetical 
Progression. 

Hence it is manifest^ that if a be the first term and 
a+b the second, + 2 bis the third,« a-i-Sb the fourth^ 
&c. and a+w— l.b the w* term. 

(212.) The sum ofa series of quantities in arith- 
metical Progression is Jbund by rmlltipltfing the sunt 
ofthejirft and last terms by half the number of terms. 

Let a be the first term, b the common dif&rence^ 
n the number of terms, and s the sum of the series : 
Then, 



a +a+6 +a + 26....a+w— 1.6=^, 
or,a + n— 1.6H-Ä+w-2.6 + a + n— 3.6 +a=^. 



Sum, 2a+n— 1.6 + 2ö+n-1.6 + 2a+w-l,6 + &c. 
ton terms, =2^. 



or, 2a-f w— l.ftx w=:2*. 



n 



and * = 2a + n- l.bx r. 



(213.) Cor. 



110 ARITHMETICAL PROGRESSION. 

(213.) Cor. Any three of the quantitie» 5, a, w, b, 
being given, the fourth may be found from the eqüa- 

tion * = 2a + w- 1.6 x -. 

2 

Ex. l. 

Tö find the sum of 14 terms of the series 1, 3, 5, 
7, &c. 

Hc!rea = l, 6 = 2, n = 14^ therefore, ^ = 2 -f 26 x 7 
= 196. 

Ex. 2. 

Reqtiired the sum of 9 terms of the series 1 1, 9, 7, 
5, &c. 

In this case a=rll, b= -2, w=9t therefore, ä=s 

22:ri^x|=6x 1=27. 

Ex. 3. 

If the flrst term of an arithmetical prbgression be 
14, and the sum of 8 terms be 28^ what is the common 
differenee ? 



n 



Since 2a-f n— l.&x - =^, 

2 



' , 2s 

2a+w-l.ft= — 

n 



«— l.6=s 2a = : 

n n 

2s "^ 2oLift 

therefore, h = — ■. In the case proposed, $ = 28, 

«=14, n = 8 ; therefore, i = ££ziM=Ir2£=5 .3. 

8x7 7 

Hence, the series is 14, 11, 8, 5, fite. 

ON 
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\ 

ON GiEOMETRICAL PROGRESSION. 

(214.) Quantities are said to be in geometricaJ pro^ 
gressicm, er continual proportion, when the first is to 
the second^ as the second to the third^ sgid as the 
third to the fourth, &c. that is, when every suc- 
ceeding term is a certain multiple^ or part of the 
preceding terra . 

If a be the first term, and ar the second. the series 
will be a, ar^ ar^^ ar^y ar^y &c. 

För a : ar :: ar \ ar^ :: ar* : ar^j &c. 

(315.) The constant multiplier is calied the common 
ratio j and it may be found by dividing the second 
term by the first, or any other term by that which 
precedes it. 

(21 6.) If qtnantities be in geometrical progression, 
their differences are in geometrical progression. 

. Let a, ar, ar\ ar^, ar^, &c. be the quantities ; 
their differences, ar — a, ar'^ — ar, ar^ — ar^j ar^ -r-ar^ 
&c. form a geometrical progression^ whose first term 
is ar- ö, and common ratio r. 

(217.) Quantities in geometrical prqgfession ate 
proportional to their differences. 

For a : ar :: ar-^a : ai^— ar :: ai^-^ar ; ar^-^ 
ar^j &c. 

(218.) In amf geometrical Progression, theßrst 
term is to the third, as the sqiuxre of the first to the 
Square of the second, 

Let a, ar, ar^^ &c. be the progressiön ; then a : 

ar^ :: a* : aV. 

Hence 
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Hence it appears^ that the duplicate ratio of two 
quantjties (Euc. Def. 10. 5), is the ratio of. their 
Squares. 

(219.) In the same raanner it may be shewn, that 
the first term, is to the n+ V term, as the first 
raised to the w* power, to the second raised to the 
same power. 

(220.) Ifany terms he taken at equal intervdls in 
a geometrical progression, they will be in geometrical 
Progression. 

Let a, ar...ar^ ar^"" «r^* &c. be the pro- 

.gression, then a, ar^, ar^% ar^" &cc. are at the interval 
of n tenns, and form a geometrical progression, whose 
common ratio is r*. 

(221.) If the two extremes^ and the number of 
terms in a geometrical progression be given, the 
means may be fornid. 

Let a and b be the extremes, n the number of terms, 
and r the common ratio ; then the progression is a, ar^ 
ar^f ar^ ar^^^ ; and since b is the last term, ar^^^ 

= ft, and r^- ' = - ; therefore r=i A, ; and r being 

thus known, the terms of the progression ar^ ar\ 
ar^j &c. are known. 

(222.) Toßnd the sum of a series of quantitids in 
geometrical progression, subtract thejirst termßrom^ 
the product of the last term and common ratio, and 
divide the reniainder by the difference between the 
common ratio and unity. 

Let a be the first term, r tihe common ratio, n the 

number 



4 
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number of terms, y the last term, and $ the sum of 
the series : 

Thena + ar + ar*....+ar»-*+ar'*-'=y; andmul- 
tiplying both sides by r, 

Sub. a+ar + ar* + ar3....+ar"-' =* 



Rem. ''a+ai'^=:rS''S=^r-' 1 xß 

or, srz — = -^ , . 

r- 1 r— 1 

(223.) Cor. 1. From the equation ^= ' > any 

three of the quantities, ä, r, y, a, being given, the 
fourth may be found. 

(224.) Cor. 2. When r is a proper fraction, as n 

' increases, the valüe of r", or of ar", decreases, and when 

n is increased without limit, ar^ becomes less, with 

respect to a, than any magnitude that can be assigned ; 

and therefore s = = . 

r— 1 1 -r 

This quantity ^ which we call the sum of 

the series, is the limit to which the sum of the terms 
approaches, but never actually attains ; • it is however 
the true representative of the series continued sineßne; 
for this series arises from the division of a by 1 — r ; 

and therefore may, without error, be substituted 

for it 

Ex. 1. 

To find the sum of 20 terms of the series, 1, 2, 
4, 8, &c. 

H Here 
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the same'manner^ there are w — 1 permutations in which 
b Stands first, and so of the rest ; therefore there are, 
upon the whole, n.n — 1 permutations of this kind ab, 
buy acy ca, &c. 

Again, of w — 1 things i, c, rf, &c. taken two and 

two together, there are w- l.w — 2 permutations, by 
the former part of the article, and by prefixing a to 

each of these, there are w - l.w — 2 permutations, taken 
three and three, in which a Stands first ; the same may 
be Said of i, c, rf, &c. therefore there are, upon the 
whole, W.W— l.w— 2 such permutations. 

(229.) Cor. By foUowingthe same method, it ap- 
pears, that in n things, if r of them be ahvays taken 
together, there are w.w- l.w - 2.w- 3....W — r -►• 1 per- 
mutations. 

(230.) The number of combinations that can be 
formed out of n things, taken two and two togetlier, 

is n. ; taken three and three together, the number 



. , n- 1 n- 2' 

isw. . ^ > 

2 3 

The number of permutations in the first case is 

W.W— 1, but each combination ab, admits of two per- 
mutations, ab, ba\ therefore there are twice as many 
permutations as combinations, or the number of com- 

,. . . w— 1 
binations is w. — - — . 



Again, there are w.w— l.w— 2 permutations in n 
things, taken three and three together; and each 
combination of three things admits of 3.2.1 permuta- 
tions (Art. 228); therefore there are 3.2.1 times as 

many 
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many permutations as combinations, and consequently 

the number of combinations is "^ ' "" . 

1.2.3 

• < 

(23 1 .) Cor. In the same manner it appears^ that the 
number of combinations, in n things, each of which 



contains r of them, is 



W.W — l.w- 2...w-r+l 



ON THE BINOMIAL THEOREM. 

(232.) The method of raising a binomial to any 
power, by repeated multipHcation, has before been laid 
down (Art. 117)- The same thing may be done much 
more expeditiously by the following general rule, 
which is called the Binomial Theorem. 

Let a? + a be the given binomial ; and it's w'** power 

2 2 3 

&c. Where the index of x, beginning from n is di- 
minislied by unity, and the index of a, beginning fröm 
p, is increased by unity, in every succeeding term» 
Also, the coefficient of each term is found by multi- 
plying the coefficient of the preceding term by the 
index of x in that term, and dividing by the index of a 
increased by unity. 

Thus, J+^' = a:« + 6aa^+^aV+^^a«a:3 + 

2 ^.3 

6.5.4.3 , . . 6.5.4.3.2 . , 6.5.4.3.2,1 « -, . ^ . 
2.3 A ^ 2.3.4.5 ^ 2.3.4.5.6 * T" * 

+ 1 5 aV + 20a'j!' + 1 5 a*a^ + 6 a*a; + ö^. 

To 
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To investigate this tbeorem^ suppose n quantities, 
x + a^ xi-bj x + c, &c. multiplied together; it is 
manifest that the first term of the product will be x^, 
and that, af*"', x'"^^^ &c. the other powers of x, will all 
be found in the remaining terms, with different com- 
binations ofa, b, c, dy &c. 



Let x + b.x + c.x+d. &c. ^^x''"^ +Px''-^+Qx'"'^ 
+ &C. and x+a.x + b.x + c.x-\-d. &cc. = x" + Ax"""^ 
+ jBa?"-* + &c. then x'^+Jx^-^ + Botr-'-^ &c. and 

x + axar-^+Par''^+Qxr-'^ + &cc. or, 

^ + Paf -' 4- Q j?«-^ + &c. ) 

+ a^-^ + aPo-- + &c. P'" *^" ''^^" '"""' ' 
therefore A — P + a^ B = Q+aP, &c. that is, by in- 
troducing one fector, x+ a, into the product, the coeffi- 
cient of the second term is increased by a, and by 
introducing x + b into the product, that coefficient is 
increased by i, &c. therefore the whole value of A is 
a+b + c + d + &cc. Again, by the introduction of 
one factor, x+a, the coefficient of the third term, Q, 
is increased by aP, i. e. by a multiplied by the pre- 

ceding value of A, or by ax b + c+d+kc. and the 
fAm^ may be said with respect to the introduction of 
cvery other factor ; therefore upon the whole, 
B^a.b + c + d+&cc. 
+ J»c+rf + &c. 
+ c.rf + &c. 
In the same manner, 
C=:a.b.c + d+&cc, 
+ a.c.d+&cc. 
+bx.d+&cc, 
and so on ; that is, A is the sum of the quantities a. 
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Ä, c, &c. J? is the sum of the producta of every two; 
C is the sum of the producta of every thrce, &c, &c. 

Let a=i=c=rf==&c. then A, or a + 6 + c+rf+ 
&c.=na; J5 = ai + ac + Äc + &c. = a*x the number 
of combinations of tty b, c, d, &c. taken two and two^ 

= ». — — a* (Art 230) ; in the same mannet it ap- 



2 



w- 1 n— 2 



pears, that C= n. . : a^, &c. And x + a.x+ b. 

a? + c. &c. to w factors=j?+al ; therefore x+o» =^ 

2 2 3^ 

This proof applies only to those cases in which n is 
a whole positive number ; but the ruie holds when the 
index is fractional^ or negative. 

m 

Let 1+^^ = 1 + aa? + 6 jr^ + ca:^ + &c. 
then 1+yl^ = 1 + fly + fty * + cy3 + &c. 

m m _^__„ __..^__ 

and, 1+^1"— 1 -f-yl^ac^a.!?— y+Ä.a:*-^* + c,x3— y® 
+ &c. 

Assume l+a? = w;% and l+yrrv'^ then ti;*-r*Ä 

m m 

x-y, i+al'"=u>^, 1 + y)" = i;^ , hence, 

tD» - !>»» =r. a.x - y + 6.^* - y* + ca?* - ^'+&c. 

*" fif^v" x—y X'-y 

j^-^y+c.ar'+xy-f-y*+&c. (Art. 87. Ex. 5) ; or, 
dividing the numerator and denominator of the frac- 

tion . by their common measure u?— v, we have 

^m-l 4,||f'*->t; + t(f>' «t;^ H-V"^' (m) , -TTZa. 

' • • • ^ — r- =s(l •¥ o,x + 1/+ 

,„/.-• +u>»-*t;+a;»-»t>» +v'— («) '♦"^J'-r 

r. 
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c.x'+xy+^*+&cc. Now let x=j/, then w:=iV, and 



,m— I ^/>«.A.«m 



the equation becomes --7- = ( = \a^2Dx-¥ 

3 ex* + &c. 

And multiplying by m;*= 1 +x, 

/n ^ 

+ aa? + 2ix' + &c.) 

But -.m;'^ = — .l+ai"=— .l+aj? + 6x' + ci?3 + &c, 
n n n 

therefore~.H-aa?+6a?*+c^+&c. = a+ 2Äa? + 3ca?'+&c. 

+ «^ + 2i:c' + i&c. 
And since these must form the same series, — =a; 



— .a=:26+a, or6= ; --.6=3c+2J, andSc 

n 2 n ' 



mm m 
— .-- 1 . 2 



a: 2.&, orc= ; &c. Nearly m 

w 2.3 "^ 

the same manner, the proposition. may be proved when 

•— IS negative .* 
n ° 

Ex. 1. 



* See Encyclopaedia Britan. vol. I. page 651. 

It may not be improper tö state^ briefly, the nature of the proof 
alluded tb in former Editions of this Work^ as the principle is of 
extensive application. 

It is usualiy taken for granted^ and may without much difficulty 
be proved, that whether r is positive or negative, whole or frac- 

tional> l+a:]*^ may properly be expressed by l+ö'^+i^«J?*+c.r*+ 
&c. where a, h, c, &c. are definite magnitudes^ not dependent oq 

the 
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Ex. 1. 



' a 



^ x" ■ #?-l X* 

a* 2 a* 



= a*'*.l +W.-X +n.— - — , — + 



&c.=a*'*+wa*'*-*ar*+w.^^.a'''-'*x* + &c. 



Ex. 2. 

2 ,2*3 

Ex. 3. 

--1 , --1 --2 

1 +xr=l + -X4- -. ^ ■ ^+--— r— » — T— jr+&c. 

w w 2 w 2 3 



1 M— 1 ^ n-1.2w-l 

-X r^ + :: 7 

n 27r . 2.3 .n^ 



= 1+ -^ — r-r^ + — ^ ^ , — ^-&c. 



Ex. 4. 



_i , 1 W+l « w 4-1. 2 w 4-1 



n 2/1* 2.3.n^ 

(233.) Cor. 1. If either term of the binomial be 
negative, it's odd powers will be negative (Art. 114); 

and 



r— 1 
the valoe of x. Let a = v-^-^, bssr. -—- 4- v, then, as appears from 

what has been proved before (p. 1 1 8),. when r is any whole posi- 
tive number, a=r, and z=0; that is, 2=p0 when r is I, 2, 3> &c. . 
or 2 contains the Factors r— 1, r— 2, r— 3, &c. in inf. (Art. 269) ; 

hence^ 2= S . r — 1 . r— 2 . r— 3 . &c. in inf., which cannot be ex- 
pressed in finite terms ; consequently, r-^-z cannot be expressed in 
finite terms unless Ü, that is, unless 2=0 ; and since we know that 
a, or r4-Zy may be expressed in finite terms, it follows that 2=0, 

r— 1 
and that a^^r. In the same maaner it appears that hszr. ^^r-, &c. 
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and consequently the signs of the terms, in which 
those odd powers are found, will be changed. 



Ex. 5. 



w-1 



2 

(234.) Cor. 2. If the index of the power, to which 
a binomial is to be raised, be a whole positive number, 

the series will terminate. because the coefficient n. . 

2 

tl— 2 

. &c. will become nothins, when it is continued 

3 öJ 



to n-f- 1 factors. In all other cases the number of 
t^rms will be indefinite. 

(235.) Cor. 3. When the index is ä whole positive 
number, the coefficient» of the terms taken backward, 
from the end of the series, are respectively equal to the 
coefficients of the corresponding terms taken forward, 
from the b^ginning. 

Thus, if a+j? be raised to the 8'^ power, the co- 
efficients are 1, 8, 28, 56^ 70, ö6, 28, 8, 1. 

In general, the coefficient of the w+1* term is 

W.y^^"l.n~2 3.2. 1 t-u " a: • . r 

■' — = — == 1 . 1 he coeihcient of 

1. 2. 3 w — 2.^— 1 .n 



the n'^ term is =- = » ; of the 

1. 2. 3 w-2.n- 1 



W— 1 term, ::: ===r = ,; &c. 

1. 2. 3 «-2 1.2 

(236.) Cor. 4. The sum of the coefficients 1 +n + 

«. h&c. IS 2\ 

2 * 

For 
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n . + &c. 

2 



(537.) Cor. 5. Since 



»— 1 






»-1 



by addition, ^Tol** + x, - af = 2.a?'' + 2.».——- a*a?*"* + 
&c. 



or 1- =^ + n. aV * + &c. 

2 2 



xjy suuirdULiiiguiicsKrriesuuiiitiicutiivt^ ' ■ — : L 



. , W— 1 «- 2 



2 3 

(238.) The trinomial a-^-h + c may be raised to any 
power by considering two terms as one factor, and 
proceeding as before. 

Thus, a + 6 + c|" = a" + n.b + e.a**-*+n. .fr+c]*. 

a"""* + &c. and the powers of ft + c may be determined 
by the binomial theorem. 

The theörem by which a mnitinomial may be raised 
to any power, is given by Mr, Demoivre, Analyt. 
page87. 

ON SURDS. 

(239.) A quantity may be reducedto the form ofa 
given surdy by raising it to the power whose root the 
surd expresses, and affixing the radical sign. 

Thus, 
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Thus, a = iJH^ = \/a% &c. and a+a? = a+x}». In 
the same manner^ the form of any surd may be altered; 

thus, a + a?l » = o+^p = a+a?! '^ &c. The qüantities äre 
here raised to certain powers, and the roots of those 
powers are again taken, thenefore the values of the 
qüantities are not altered. 

(240.) If two surds have the same index, their 
product is Jound hy taJcing the product of the qüan- 
tities under the signs, and retaining the common 
index. 

Thus, a«x&»=a6p (Art. 124); a/2Xs/^=s/^; 

(241.) If the surds have coefficients, the product of 
these coefficients must be prefixed. 

Thus, aß^xxb^y = aby/lcy. 

(242.) We must observe that ^ - a'*X s/ ^^i ^r 
the Square oisf -^t*, is — a% because it is that quantity 
whose Square root is ^/ — a*. 

CipR. Hence, j? — a + ^y - 6*x a? -a- >v/^^*=x' 
— 2ax + a* + i*- 

(243.) Ifthe indices qftwo surds have a, common 
denominatorj let the qüantities he raised to the 
powers expressed hy their respective numerators, and 
their product may bejbund as before. 

Ex. 2^ X 3^=t 8^ X 3^=^"^ ; also a+x^xa-- ^r = 

, .^ 

(244.) Ifthe indices have not a common denomi" 

nator^ they may be transformed to others of the same 

valuCy 
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value^ with a commm denominator^ and their praduct 
Jbund OS in Art. ;243. 

. i i s 

Ex. a*-x'r X a-a?f = a*-a?*r x «-0?^ = 

a*-ar*xa^^^*l'^; again, 2tx 3^ = 2^x3^ = 8 x 9|^* 
(See Art. 239.) 

(245.) Iftwo surds have the same rational quan- 
tity under the radical signs^ their product is found by 
maTdng the sum qf the indices the index qf that 
quantity. 



ffn4-n 



Thus, o^x flP" = a^x o»«'* (Art. 239), =0"^«"; (See 
Art. 124.) 

Ex. 2. sT^ X 4/2 = 2^+^ = 2^. 

(246.) Ifthe indices oftwo quantities have a com- 
mon denominator^ the quotient of one divided by the 
other is obtained by raising them, respectively , to the 
powers expressed by the numerators of their indices, 
and extracting that root qf the quotient which is ex- 

pressed by the common denominator. 

i. 

" (Art. 125.) 



T7 ^* « 






. €^ a 

and —j = 



a^ 
bP 



Ex. 4^-r2^=- 

8 



PI 



''(247.) If the indices have not a common denotm- 
nator, reduce them to others qf the same value^ with 
a common denominator, and proceed as before. 

Ex. a»^^*-^a3-«3i^_ß»_a;*|*^a3-x^|* = 






1 
T 



(248.) //• 
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(248.) Iftwo surds have the sanie rational quantity 
under the radical signs, their qtwtient is ohtained iy 
making the difference of the indices^ the index ofthat 
quantity. 

Thus, (t divided by a"*, or a^^^ divided by a«» 

m 
Q*nn m—H 

(Art. 239)^ thatis-^, is equal to a^n ; because these 

quantities^ raised to the power mn, produce equal results 
~ and a*^"". 

Ex. 2. 2^ -7- 2^ = 2^ -f- 2^ r= 2^. 

(249.) The coeßicient of a surd may he introduced 
under the radical sign, by Jirst reducing it io the 
form of the surd, and then multiplying as in Art. 
240. 

Exs. a^/lc ^ />/ a' X sjlc =^/ a^x ; ay^ = o^y^ 

' sl 

4^/2 3= V 16 X 2 =>>/32, 

(250.) Conversely, any quantity may he made the 
coefficient of a surd, if every part under the sign he 
divided hy this quantity raised to the power whose 
root the sign expresses. 

Thus,^/ a^-ax — a^ x ^ a - .r;^a^-aV= a^/a — xi 



x^ 



a 



n 

;^60 =^/4x i5 = 2>/l5; 



1 1 



i 



=1^^ "JF* ^/-J^=^/äfX^/- 1. 



(251.) When 
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(261.) ff^hen surds have the same irrcttional part, 
their sum or difference is ßmnd hy affixing the sum 
or difference o/* their coefficients to that irrational 

Thu8, a^±by/x=:a±b.^; ^300 + 5^^3 = 
10^3 ± 5^3 = lö.w/3, or 5^J. 

(252.) The Square root of a quantity cannot be 
partly rational and partly a quadratic surd. 

Ifpossible^ let Ay^=a + ,y/m; then by squaring 
both sides, n = a* + 2a\/m + m, and 2a^'m=^ n - a*— m ; 



.— « — a*-w 



therefore, ^Jm — , a rational quantity, which 

Ji a 

is contrary to the supposition. 

(253.) In any equation x + ,y/y = a + ^^b, consist- 
ing of rational quantities and quadratic surds, the 
rational parts an each side are equal, and also the 
irrational parts, 

If^ be not equal to a, let x=^a + m\ then a + 911 
'i'^y = a+^/b,or m + ^y = ^b; that is, ^Fis 
partly rational and partly a quadratic surd, which is 
irapossible (Art 252); therefore x^ä, and conse- 
quently ^y=i^b. 

(254.) If two quadratic surds ^x and y/y, can- 
not be reduced to others which have thesame irrational 
party their product is irrational. 

If poBsible, let \/xy « r J?, where r is a whole num- 
ber or a firaction. Then xy = r'i?% and y = r*a? ; there- 
fore äi/yszrs/x, that i«, \/y and Ayöp may be so 
reduced as to have the same irrational part, which is 
contrary to the supposition. 

(255.) One 
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(255.) One quadratic surd^ s^x, cannot be made up 
qftivootkersj ^/m and sjn^ which have notthe same 
irrational pari. 

If possible, let>^^=>/m+v^5 then by squaring 
both sides, 0? = m+w + 1^/ mn^ anda?— m—n^- 2y/ nm^ 
a rational quantity equal to an irrational one (Art. 
254) ; which is absurd. 



(256.) Let a+bh =x + y, where c is an even num- 
ber^ a a rational quantity y b a quadratic surd, x and 

y one or both ofthem, quadratic surds, then a— bj' 
=x-y. 

c— 1 
By invohition, a + i = j?*+cj?*""'y+ c . — — x*^"*^* + 

c . -— *- . -— — a?*""'^3 ^ gjc^ ai|(j since c is even, the odd 

terms of the series are rational, and the even terms 

c— 1 
irrational ; therefore a = x''+c. a?*"" y + &c. and 

6 = cx'-> + c.^^^.^^ar'-y + &c. (Art. 253); 

hence, a-b^af-^ cof^ 'V + c. ^a?*"" V — c.-^^.-^^ 



jj^-y + fifc. and consequently a — i | "^ =a? — y. 

(257.) If<^ bean oddnumber^ a aw^? b, one or both 
quadratic surds, and x and y involve the same surds 

tliat a and b db, respectivelyy and also a + bt*=x+y, 

then a - bj *" = X - y . 

By 
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c— 1 
By involution^ a + i == ä:* + CÄ!^"" 'y + c . — — ^ af ""*3/* + 

c. — - — . — — a?^""^^' + &c. where the odd terms in- 

volve the same sürd that x does^ because c is an odd 
number, and the even terms, the same surd that y 
does ; and since no part of a can consist of ffy or it*is 

parts (Art. 255), a=3f+c. ^^^^af~y +&c. and b = 
caf~'^+c.-^. — ^a^^'^y^ + Scchence, a-b^af^ 

ci^^'^y + c— ^af- ®y*-c.-— ".--T— ^"^y^ + &c. 
^ 2 ^ 2 3 



therefore, by evolution, a-^by =a?— y. 

(258.) TTie Square root qfa binomial, orte ofwhose 
Juctors is a quadratic surdy and the other rational^ 
may sometimes be expressed by a binomial, one or both 
qf whose Jactürs are quadratic surds. 

Let a + .y/^ be the given binomial^ and suppose 

wa + ]^b=zx+y, where x and y are one or both 
quadratic surds ; 

thenV^flt_^J=j.«y (Art. 256), 
by multiplication >^a* — 6=:x*— y*, 
alsOj by squaring both sides of the first equation, 

a+^/^^af^ + 2xy+y* 
and a^x^+y"" (Art. 2ö3), 
byaddition, a+^a^-h^2x\ 



hv 
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by jsubtraction, a— >/a^-Ä = 2y*, and the root a?+y 

2 2 

From this conclusion it appears^ that the Square 
root of a + >^yT can only be expressed by a binomial 
of the form x +y, one or both of which are quadratic 
surds^ when a* - i is a perfect square. 

The values of x and v are d= V/ ^"^ v ^^""^ and 

2 

-f. y/ a — sja — there are therefore four difierent 

2 

values of a? +-y ; two of which were introdueed in the 

Operation (See Art. 149), and will not answer the 

conditions of the question. 

Ex. 1. 

Required the square root of 3 + 2 s/^. 

In this case, a=Ä3, v^=2/x/2, and a'— 6=9-8 

= 1 ; hence, x^ \/^ ^ ^^ and y= n/~^ 
= 1 ; therefore^ x + i/^: x/T+ 1 . 



Ex. 2. 

Required the square root of 7 — 2 y/Tol 
Here,a = 7,\/^= 2 v^To,a* -6 = 9; hence,a? = V ^li 

2 

= ^/ö", and y = V — ^ = ^"2 ; therefore, a?— y = 

js/^- \/^9 the root required. 

£iX» 3. 
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4 

t 

Ex. 3. 

Required the Square root of 4^-5-1. 
Hefe,a= - 1,V^=^V "^y a*-6=81 ; hence,x = 

V-^^^— ^=2,andy== V -^^==^— ^ and the 

root required is 2 + ^^Z— 5. 

(259.) TÄe c* roof o/a binomiäl^ one or both of 
wlwsefactors are possible quadratic surds^ may same- 
tinies he expressed hy a binomial ofthat description. 

Lei A + B he the given binomial surd, in which 
both terms are possible ; the quantities under the 
radical signs whole numbers ; and A is greater than B. 

Let ^A+B X s/~Q^ji!+y 

theo i ^A-'Bxs/^ ^ a? -y, (Art. 257) ; 
by mult^^^^^^xQ^a:*-^*; let Q be so 

assumed that -4* — jff^x Q may be a perfect d^ power 
= n*", then 0?' — y * = ». 

Again, by squaring both sides of the twp first equa« 
tions, we have 

. ^ A^E\*x Q^x^ + 2xt/+y^ 

hence >;/^+'^|^x Q+n/^4^'x Q = 2j?* + 2y» 
which is always a whole number when the root is a 
binomial surd ; take therefore s and t the nearest in- 
teger values of \/a+B[*xQ and x/^-Äf xQ, 
one of which 18 greater, and the other less than the 
true value of the corresponding quantity ; then since the 
sum of these surds is an integer, the fractional parts 
must destroy each other, and 2 ä?^ + 2y* =: ^ + /, exactly, 

I 2 when 
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when the root of the proposed quantity can be obtained. 
We have therefore these two equations 



therefore, !2a?'=:n+ 



2 
s+t 2n+s+t 



:c*= 



2 2 

4 



y. A/2^ + ^^+^ 



also, 2y* = 



2 

2 



, Ay7+T--2«. 

and y = ^ ; 

•^ 2 



therefore, if the root of the binomial \J A+Bx s/Q 
be of the form x+j/, it is ^^n+s + f + ^s + t-2ni 



and the c* root ©f ^ + ^ is — ^^r^ '" 

Ex. 1. 

Required the cube root of 10 + \/l08. 
In this case, ^=v^To8, jB= 10; ^- JB*=:8, and 
8Q = w^; if therefore Q=l, n = 2. Also, 

' ^^ + BV^7+f; and 4/^-ßr=l-/, where 
y is some fraction less than unity; therefore ^ = 7, 

t=:l ; and j?+y= ^lipi = ^/T+l. 

If therefore the cube root of 10+,^/io8 can be 
expressed in the propose^ form, it is a/3 + 1 ; which, 
on trial, is found to succeed. 

Ex. 3. 
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Ex. 2. 



Let the cube root of 1 1 + öa/7 be required. 
Here, A=zb J^j 5=11, -^— JB*=54; therefore 
64Q=»', and if Q=:4, 7^g2l 6, and n=:6. 

Also 4/^+Ä|'xQ= 13 +/, 4/:rngi'xQ= 3 -/; 




or^=13, /=3; hence, a?+y = *^ ^^ "'"^ = x/ 7 + 1, 

2 

and the quantity, to be tried for the root, is ^^ ^3 ■ > 

Ex. 3. 

To find the cube root of 2 ^/t+S v^ 
Here, A^2sfT* 5=3^3^^-5**1; hence 
Q=l,andn = l. Also, -C/ ^h- 5)' = 4 4-/; 4^^ *- Äl' 

= 1-/1 or*=4, /=1; anda;+y=2/lJb/F, the 

2 

quantity to be tried for the root, which is found to. 
succeed. 

(260.) In the same manner, the d^ root oiA - J?, is 
^ ^^^ ; in which expression, when 

A is less than J9, n is negative. 

(261 .) In the Operation, it is required to find a num* 

her Q, such, that A^- B*x Q may be a perfect if^ 
power ; this will be the case, if Q be taken equal to 

A^ — B*!*"""' ; but to find a less number which will 
a^nswer this condition, let ^ — jB^ be divisible by a, a, 

(m) ; 6, 6, (n) ; rf, rf, ..... (r) ; ^ &c. in 

sttccession^ that is, let A*-B*;=:a^b^€t &c. also let 
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&c. which is a perfect (f^ power, if x, y , ä, &c. be so 
assumed that m+x^n +y, r 4- ä, are respectively equal 
to ^, or some multiple of c. Thus, to find a nuinber 
which multipKed by 1 80 will produce a perfect cube» 
divide 180 as often as possible by 2, 3^ 5, &c. and it 
appears that 2.3.3.3.5 = 180 ; if, therefore, it be mul- 

tiplied by 2.3.5.5, it becomes 2^3^.5', or 2.3.5]^; 
a perfect cube. 

If the index of the root to be extracted be an even 
number, the square root may be found by Art. 258, 
when it can be expressed by a binomial of the same 
description ; and if half the index be an even num- 
ber, the square root may again be taken, and so on, 
until the root remaining to be extracted is expressed 
by an odd mimber.^ 

If j4 and 3 be divided by their greatest common 
measure, either integer or quadratic surd, in all cases 
where the d^ root can be obtained by this method^ Q 
will either be unity, or some power of 2, less than 2^. 
See Dn Warings Med. Alg. p. 287. 
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PART II. 



ON THE NATURE OF EQUATIONS. 

/ 

(262.) Any equation, involving the powers of one 
tanknown quantity, may be reduced to the fmm 
«^— />a:'*""* + 5a^""*-&c.=0 ; where the whole ex- 
pression is made equal to nothing, the terms are 
arranged according to the dimensions of the unknown 
quantity, the coefficient of the highest dimension is 
unity, and the coefficients, p, q, r, &c. are afiected 
with their proper signs. 

An equation, where the index of the highest power 
of the unknown quantity is n, is said to be of n 
dimensions ; and in speaking simply of an equation of 
n dimensionsi we understand one reduced to the above 
form, unless the contrary be expressed. 

(263.) Any quantity, a?" -/m^""' + yx"""*... + Px-Q, 
may be supposed to arise from the multiplication of 
d?— a.j?— >6.x— c. &c. cpntinued to n fiictors. 

For, 
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For, by actually multiplying the factors togetbeTy 
we obtain a quantity of n dimensions^ similar ta 
the proposed quantity, x'^-px"""^ -hqx^"^- hc. and 
if a, i, c, &c. can be so assumed that the coefficients 
of the corresponding terms in the two quantities 
become equal, the whole expressions coincide. And 
these coefficients may be made equal, because we shall 
have n equations, to determine the n quantities ö, i, 
Cy d, &c. (See Art. 145). If then the quantities, 
a, by c, rf, &c. be properly assumed, the equation 
x" — px"^"^ + qsf^'* — &c. = 0, is the same with 

a? — a.j?— 6.Ä?— c. &c. =0*. 

We cannot suppose af^—psf'^ + qaf"'' — &ic. to be 
made up of more, or fewer, than n simple factors ; 
because, on either supposition, the result would not be 
of the same number of dimensions with the proposed 
quantity. 

(264.) The quantities 0, by c, d, &c. are called 
roots of the equation, or values of or; because, if any 
one of them be substituted for x^ the whole expression 
becomes nothing, which is the only condition pro- 
posed by the equation. 

(365.) If 

■ ' » ■ ' ■' ■ I ■ .1 ■ , 

"^ This proof, which is usually given, is imperfect; for if the 
n equations be reduced to one« containing only one of the quan- 
tities, a, this equation is a*»--pa'*"*+9a"-*— &c. =0, which 
exactly coincides with the proposed equation; in supposiag there- 
fore that a can be found, we take for granted the proposition to bef 
proved. The subject has exercised the skill of the fi^ost emiiieat 
algebraical Writers^ but their reasonings uppn it are oftoo abstruse 
a nature to be iutro(]uced in this place : Th^ Learner must, at pre- 
MQt, take for granted> that an equation may be made up of as 
many simple factors as it has dimensions; and when he is farther 
advanced in the subject, he may consult Dr. "Waritig's .^/ge^ar« 
page 272 ; PUL Trans. 1798, page 369 ; and 'Demonstratio Nova/ 
C.F.Gauss, Helmstadt, 1799. 
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« 

(265.) Ifthe signs ofthe terms of an equation be 
aU pasUive, it cannot have a positive root ; and if 
the signs be altematehf positive and negative, it can- 
not have a negative root. 

If j?"+/>a;^''* + yj7*"'*+&c,s=0, and any positive 
quantity^ a, be substituted for j?, the result is posi- 
tive; consequently a is not a root ofthe equation. ' 

If a?"— joj?"~* + ya?^"* — &c. =0, and a negative 
quantity, - a, be substituted for x^ when n is an odd 
number the result is negative, and when n is an even 
number the result is positive ; therefore — a cannot^ 
in either case, be a root of the equation. 

(266.) Every equation has as many roots as it has 
dimensions. ^ 

If x^'-paf""^ + 'qx"""* + &c. = 0, or j? - a.x - b. 



j? — c. &c. to n factors = O j there are n quantities, a, 
J, c, &€• each of which, when substituted for x, 
makes the whole sO, because in each case one of 
the^factors becomes = O ; but any quantity diflerent 
from these, as e, when substituted for x, gives the 
product e — a.e - Ä.e - c. &c. which does not vanish^ 
because none of the factors vanish ; thstt is^ € 
will not answer the cpndition which the equation 
requires. 

(267.) When one of the roots, a, is obtained^ the 

equation x- a.x— Lx-^c. &c. =0, or a?'*-/>a?"""* + 
5x^"*-&c. = 0, is divisible by j?-a, without a re- 
mainder, and is thus reducible to x-^b^x:- c. &c.=:0, 
an equation one dimension lower, whose roots are by 
c, &c. 

Ex. One root of the equation y^+l=0, is- 1, 
or y + 1 = O, and the equation may be depressed to a 
quadratic, in the following manner ; 
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^+i)^+i(y'-y+i 
-f-y 






Hence, the other two roots are the roots of the 
quadratic y* — y + 1 = o. 

If two roots, a and h, be obtained, the equation is 

- 1 - - 

divisible by a? - a.x - b ; and thus it may be reduced 
two dimensions lower. . 

Ex. Two roots of the equation a^ — 1 = O, are + 1 
and — 1, or X - 1 =0, and x+ 1=0; therefore it may 

be depressed to a biquadratic by dividing by x - 1 . 

J+T, or by j:* — 1 . 



a?* — 0?* 



+0?*- 1 



Hence, the equation a?*-+a?+l=rO, contains the 
other four roots of the proposed equation. 

(208.) Conversely, if the equation be divisible by 

a? - a, without remainder, a is a root ; if by j? — «• 

X — 6, 



NATURE OF EdUATIONS. 139 

x—bf a and b are both roots ; &c. Let Q be the 
quotient arising from the division^ then the equatioa is 

ar— a.o? — 6. Q = 0, in which, if a or 6 be substituted 
for a?, the whole vanishes. 

(269.) Cor. 1. If a, 6, c, &c. be the roots of an 

equation, that equation is x-a.x-b .x — c. &c. = O. 

Thus, the equation whose roots are I^ 2, 3, 4^ is 

Ä — 1.0?— 2.a?-3.Ä? — 4=0; ora?*— 10j?^+35j:*- 50j: 

+ S4 = 0. The equation whose roots are 1^ 2^ and 

-3, is 0?- l .a?- 2.a?4-3 = 0; or, a?'- 7*^ + 6 =^- 

(270.) Cor. 2. If the last term of an equation 

vanish^ it is of the form o?"— /^jp^^^ + yx""* Px 

= 0, which is divisible by o?, or x^o^ without re- 
mainder ; therefore, is one of it*s roots ; if the two 
last terms vanish, it is divisible by a?*, without remain- 
der, or by Ä* - o.x-^Oy that is, two of it*s roots are ; &c. 

(271.) The coeffident of the second term of an 
equation, mth it's proper sign, is the sunt of the roots 
with their signs changed ; the coeffident of the third 
terniy is the sum qf the products of every two roots 
with their signs changed ; the coeffident ofthefourth 
term, is the sum qfthe prodttcts qf every three roots, 
mth their signs changed, S^c. and the last term is 
the pvoduct of all the roots, with their signs changed. 

Let äj b, c, &c. be the roots of Üie equation ; then 

a?-a.a? — ä.ä:— c. &c.=0, is that equation; and by 
Art. 232, it appears, that when these factors are mul« 
tiplied together, the coefficient of the seeond term 
is the sum of the quantities - a, - i, - c, &c. the 
coefficient of the third term, the sum of the pro- 
ducts of eveiy two, &c. and the last term, which 

does 



140 NATURE OF ECtUATIONS. 

docs not contain ar, is the product of all diose 
quantities. 

(272.) Cor. 1. If theroots beall positive, thesigns 
of the terms will be alternately + and - . For the 
product of an odd number of negative quantities is 
negative, and of an even number, positive. But if the 
roots be all negative, the signs of all the terms will be 
positive, because the equation arises from the multi* 

plication öf the positive quantities x-^a. x+ b.x-tc. 

(273.) Cor. 2. Let the röots of the equation j:* — 
/?af~'. . . +Px^- Qx+R:=Oy be a, b, c, rf, &c. then 
R^äbcd (n); CL^bcd («- l) +«crf {n— 1) + abd 

(n-\) + &c. and -^^ - + 1 + - +&c. that is, the 
^ ^ Rabe 

coefiicient of the last term but one, divided by the 

last term, is the sum of the reciprocals of the roots. 

In the same manner, ö=-2:+ — H — j+r""*"r:i+^ 

R ab ac ad bc bd cd 

+ &C. 

(274.) Any equation, it has been observed, may be 
conceived toarise from the mültiplication of the simple 

^^m^H^^^mm^mm »m^mmimmi^atl^ mmmt^i^^mm^mm ^ 

factors x — a.x-b.x-c. &c. or by taking two or more 
of these together, it may be supposed to arise from the 
mültiplication of quadratic, cubic, &c. factors, if the 
dimensions of these factors, together, make up the 
dimensions of the p^pposed equation. 

Thus, a cubic equation may be supposed to be the 
product of three simple factors, ar — a.or — Ä.x - c = O ; or 
of ä quadratic and a simple factor, x^ —px+q x o; - c = O. 

(275.) If 
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^275.) Ifthe cöeffidentSy in any equation, he whole 
numbers, tke equation cannot have afractioiml root. 

If possible^ let ^ , a fraction in if s Iowest tenns^ be 
aroot of the equation a:^— ;>j:^-"» + ya?"'"*-&c.=0; 

dien jT — ' ^iM-i + ^^yrr: — &c. = ; and by transpo- 



siüon, p » ^~P - 2_^ or -^ ::ipdr '- 



är 



qa^''*b + &c. that is, -r » a fraction in it*s Iowest 

terms (Art. 190. Cor. 2), is equal to a whole num- 

ber. which is absurd ; therefore ? is not a root of the 

o 

equation. 

(276.) The roots a, b, c\ &c. of an equation are im- 
possihle, when, as is frequently the case, tbey involve 
the Square root of a negative quantity. 

(277O Ifnpossible roots enter equations by pairs» 

Ifa+V— P bea root of the equation af-^paf"",* 
+ &c. = O, then a - v^ — 6* is also a root. 

In the equation^ for x Substitute a + ^J — 6% and 
the result will consist oft wo parts^ possible quantities^ 
which involve the powers of a and the even powers of 

^ — 6% and impossible quantities, which involve the 

odd powers of mJ -^h^ ; call the sum of the possible 
quantities A^ and of the impossible By then ^ + fi is 

the whole result. Let now, a - a/ — //"*, be substituted 
for Xj and the possible part of the result will be the 
same as before, and the impossible part which arises 

from 
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from the odd powers of - \/— ft% will on\y differ 
from the fbrmcr impössible part in it's sign; therefore 
the result is A-^B \ and since by the supposition 

a+\/"--^ is a root of the equation, -/^+J8 = 0; in 
which, as no part o{ A can be destroyed by -B, ^=0 
and^=:0; therefore ^— -B=0, that is^ the result, 

iärising from the Substitution of a-^s/^b^ for. ar, is 

nothing ; or a — \/ — 6* is a root of the equation« 

The truth of the propositioii is also manifest from 
this consideration, that if a?'*-mj? + » = be a qua- 
dratic factpr of the equation (Art. 274), two values 

^ m + x/witr-4n ,wi-^m* — 4« ,. , 
of X are ^ — -■ ■ , and ^~ , which are 

2 2 

either both possible, or both impössible. 

(278.) Cor. 1. Hence it foUows, that an equation 
of an odd number of dimensions, must have, at least, 
one possible root ; unless some of the coefficients are 
impössible, in which case the equation may have an 
odd liumber of impössible roots. 

(2790 CoK. 2. By the same mode of reasoning it 
appears that, when the coefficients are rational, surd 

roots of the form ± >^/j, or a±^b, enter equations 
by pairs. 



ON THE TRANSFORMATION OF 

EQUATIONS. 

(280.) If the signs of all the terms in an equation 
be ckanged^ ifs roots are not altered. 

Let 



TRANSFORMATION OF EaUATIONS.^ 143 



Lekx— a,a?-6.a?— c. &c.=0; then— o?— a.a?— 6. 



x-c. &c. vanishes when a, b, Cy &c. are substituted 
for ^. 

(281.) If the signs ofthe aUematetennSy begin- 
ning mth the second, be changed^ the signs of all the 
roots (n*e changed. 

Let a?*-T/)i?"~'-gÄ?""*+&c. = 0^ be an equation 
whose roots are a, ft, — c, &c« for x Substitute — y, 
and, when n is an even number, jf+p^"^ - jy*""* — 
&c. = 0; but when n is an odd number^ "tt—Vit^^ 
+ yy*'"*4-&c. = 0, or changing all the signs (Art. 
^80), y^+j^y*-' — y^"~*-&c. = 0, as before; and 
since x^—y^ ov y^-^x, the values of y are — a, - 6, 
+c, &c. 

£x. Let it be i^uired to change the signs of the 
roots of the equation x^-qx+r = 0. 

This equation with all it's terms is x^ + o^^qx+r 
= O ; and changing the signs of the altemate terms, 
we have j:^ — o— ga? — r=0, or af^—qx-^r^-Of an 
equation whose roots differ from the roots of the 
former, oniy in their signs. 

(282.) To transform an equation into one whose 
roots are greater, or less than the corresponding roots 
ofthe original equation, by any given quantity. 

Let the roots ofthe equation x^—px^ -^qX'^r^O^ 
be a, b,c ; to transform it into one whose Eoots are 
a+e, 6 + c, c+e. 

Assume a?+6=y, ora?=y — e; then, 
x^ =:y^ - 3 ey"" +3 e^y-^e^ 
-pa?«=: ^py^ +2pey- 
+qx sz + qy 

In 
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In this last equation, since y=a; + e, the values of 

^area+^y b + e, c+e. 

If y +e be substituted for a?, the values of y in the 
resulting equation will be a— c, ft- e, c — e. 

(283.) In general, let the roots of the equation 
of— j^jf' + yjf '— &c. =0, bea, b, c, &c. Assume 
t/ssx-^e^ ora?=y+e, and by Substitution, 



&c. = &c. 

and since y = 57- e, the values ofy, in this equation^ 

are a-e, ft- c, c— c, &c. 

Wemay observe, that the last term of thetransformed 
equation, c*-j»c*""+5'e*"®-&c. is the original quan- 
tity, vrith e in the place of x ; the coefficient of the 
last term but one, with it's proper sign, is obtained by 
multiplying every terra of c'-/?e"~' + ye"'"*r. &c. by 
the index of e in that term, and diminishing the index 
by unity ; the coefficient of the last term but two, 

n. er * — »-1. üc" ^+n—2. ac^ *&c.is 

2 2 ^ 2 ^ 

obtained in the same manner from the coefficient 
of the last term but one, dividing every term 
by 2 ; &c. 

(284.) One use of this transformation is, to take 
away any term out of an equation. Thus, to trans- 
form an equation into one which shall want the second 

term, e must be so assumed that we-p = 0, or c = - 

* 
(where p is the coefficient of the second term 

with 
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ivith 1^8 sign changed, and n the index of the highest 
power of the imknown quantity) ; and if the roots fA 
the transformed equation can be found^ the roots of 
the original equation may also be fbund^ because 

P 
n * 

£x. 1. Let x'— jEio^+^sQ be the proposed equa- 
tion. Assume a?=:y + ^, then 






ri»— «»4.1,4/ _!_£. 



^px= -pi/-j 



p'} =**» 



+ q= +q 

ory»- ^ +9=0; hence, y»a 4 "" 5^» and y = ± 
V 2.-^; therefbre x=^ ± v 4 ?• 

4 . 2 4 

Ex. 2. To transform the equation x'-9ä*+7* 
4- 12 = into one which shall waut the second tenn. 

Assume Ar=y+35 then 

-9^*= •9/-ö4y-81 ^^ 

+7^ = + 7y+2ir "^ ' 

+ 12 =5. +12 

that is,y^— 20y- 21 =0 ; and if the values of y be «, 
b^ Cy the values of o: äre a+3, 6+3 and c+3. 

(285.) To take away the third term of the equation, 



w-1 



e must be so assumed, that n. e — n-l./?e + jÄO. 

K In 
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•In -tliuiis cat;d< we ähall haveia quadratic to solve V and in 
•generai^'ito itake- out tbe m'^ term^'.by this metho^i 
it inik be nicessary ta sol ve an , eqüaticm of w -* l 
dimensions^ . . :^ .:u\y ! 

« 

Ex. To transform the equation a^-^Sa^^+QX'-'l 
2=0 into one which shall want the third term. 

Here n=i3, />=6 and q=^9 ; therefore n. '^ e* — 




«— l./>e-f 3^=0 becomes 3e*- 12'e+9 = 0, ore*— 4e 
+3=0, in which the values of e are 1 and 3. Let 
x=j/ + 3y then 

+ 9^ + 9y 

- 1 = 

tliat üf ^+ 3y — 1 r= Ö. In the same manrjer, if j?= 

y-fl, the transfbpfned equation will want the t^ird 

term. •'. ' ' ^ •; " ' - 

.^(296j) yo transform an equation^ ini^o one wjipse 
röbts ä^ the ropts of the original equation rhüttmlied 
hy any given quantity. 

Let the roots of the equation 'i'*--pj?'*^'-f (^af**-- 
&c.=03 be a, i, Ci^Scc. to tfansfcM'm it into one whose 
roots are ma^ mi^vic^ &ic. * " ^ ! 

: ^ ■' - - -, - 

f ?/ 

Assume y=^mx, or 5? = '— ; then Substitute tbisvalue 

for X. and th6 ^uaticÄi becomes ^ *- tj?L:^ .4. Vvf /; 

-i'&ci 1=2 O, -or multiplying by m% y — mjyt/'^^ + 
m*y3^"* — &€• = ü, an equation whose roots are ma, 

y mc, &c. 
.1 N This 



Ex. 1. Letar^S^ + $^^f!xf''^^+8ct.^0i 
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This equatibn diSers from tbe formery only iii 
having the successiire terms multiplied by 1, m^m?; 
<&c. ■ . . ._ ,;■, ,.. ..^ 

• -(287.) Cor. 1. BythistransfoFfg^tionj aiieiq[uatioii 
may be cleared of fractions ; or if the first term be 
afiected with a coefficient, that coefficient . tD«y\ be 
takenaway. . / - VI- . 

_ -J- O L 

m n 

by multiplicat Jon, mns^'—n'po^'^ i- mbsf"'^ -^punTST 
+ &C. = 0; transform this equation into one whose 
roots are mn times as great, and mnyn-^mn^pjf^"^ -f 
rn^n^qj/^^^ - m^n'^ry^'^^ + &c. -*= O, or y* ^ npy^'^^ + 
m*ji^y'*"'*-wi'n?ry*"^+&c.Ä:ü, -an eqi^aüoa of the 
U9ual form. ,^ 

Ex. 2. Let it be required to transform the equätfon 
3y® — gy+r = into one in ^hibhithe^coeflScient of 
the highest term is unity. ^' 

The equation with all it's terms U sj/^i-o-fq^ -^r 
= ; transform it into one.' whose rootä' are three 



—3 



Z 



tiines as great^ by substituting * for^; theh 3ä?+3 x o 

. 3 . 

- 99^4-2^7 ^"=0, 'ov.z^—3qz + grs=o, an equatioti'of 
the required form. . 

(288.) Cor. 2. In any equation, if the coefficients 
ofthqseeond, third^ fourth terms, &c. be divi^ible, 
rcspectively, by m, m\ mV &c. the roots have a com- 
ipon measure, m. 

.(^89,): Cor. 3. An equation may be transfbrmed 

1 
into one whose roots are — parts of the roots of ' the 

: /f K 2 former^ 
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fbrmer, by dividing the seoond^ third, fourth, &c.. 
terms by m, m*, m^, &c. respectively, 

(290.) To tramform an equation into one whose 
roats are the recjprocals of the roots of the given 
equatum. 

Let the roots of the equation a^— /ix*"''+yÄ""* 
. . . • --Px-^- Q.=0, be a, i, c;, &c. to transform it into 

one whose roots are -, 1, -, &c, 

a b c 

Assume v = -> ov x^ - ; then, by Substitution. -- 

^+--X-. . . . — — i-QsO, and multiplying by 

y*, 1 --py+qy^^ . •— Py"'"' + Qy'' = 0; that is, Q^«- 
Py"""^. . . . +gy*— />y + 1 =0 ; and since y = - , th« 

values €if y BTe *•, r, -, &c. 

(391.) Cor. 1. If any term in the given equation* 
be wanting, the corresponding term will be wanting 
in the transformed equation ; thus^ if the original equa- 
tion want the second t^vm, the transformed equation 
will want the last term but one. &c. becaus6 the 
coefficients in the transformed equation. are ' the 
coefiicients in the orij^inal equation, in an inverted 
Order. 

(292.) Cor. 2. If the coefficients of the terms, 
taken from the beginning of an equation, be tlie same 
with the coefficients of the corresponding terms, taken 
iVom the end, with the same signs, the transformed 
will coi neide with the original equation, and their roots 
will therefore be the §ame. 

Let 
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heta, ft, c, be roots of the equation af^p3C^''^ + 

qx^"^* +qx^'-px + l =0; thetransformedequa- 

tionwillbey*— py^^' + gy*»"* +g'y*~jpy+ 1 =0, 

and a, b, c, must also be roots of this equation ^ but 
the roots of this equation are the reciprocals of the 

roots of the original equation. therefore -9 r« >- 1 are 

a c 

also roots of the original equation« 

Ex. The roots of the equations, x^^px^ + jj?* -^px 
+ l=sO; x* + gar*+l=0; and a?*+l =0, are of the 

fi,™ «, », 1, ' 

a 

(293.) Cor. 3. If the equation be of an odd num* 
ber of dimensions^ or if the iniddle term of an equa- 
tion of an even number of dimensions be wanting^ 
the same thing will hold when the signs of the cor- 
responding terms^ taken from the beginning and end^ 
are difierent. 

Ex. The roots of the equation a?— />jr^+/?a?— 1 

ssO, are of the form 1. a. -. For in this case, if 

a 

the signs of all the terms of the transformed equation 
be changed, 1t will coincide with the original equa- 
tion ; and by changing the signs of all the terms^ we 
do not alter the roots. (Art 280). 

(294.) The equations described in the two last 
porollaries are called recurring equations. 

(295.) Cor. 4. One root of a recurring equation of 
an odd number of dimensions, will be + i» or — 1, 

•ccording 
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according as the sign of the last term is — or + .; tnd 
the* rest will be of the form a^ -, */t ; &;c. 

For if + 1, in the former case, and — 1, in the 
latter, be substituted for the unknown quantity, the 
whole vanishes ; thus, \i x^-^pj^ + qa^- qoo*+px — 1 
= 0, and for x we substitute+1, it becomes l—p 
+ q-'q -f /> -1=0; and it appears from Art. 290, 

that if a, J, c, &c. be roots of the equation, "9 t^ ^9 

&c. are also roots. 

(296.) To transform an equation into one whose 
roots are the Squares of the roots of the given 
equation. 

Leta?"-;?a?~""" + g'a?"-"*-raf~®+^x'*-*-&c.=Oi by 
transposition, af* + qaf"'^+sx'"^^+ &c. =/7af "'+rjf*""^ 
4-&C. ; and by squaring both sides, aJ^^ + SyA:"""*^- 

jM^.a?"*"* + &c. =;)V'*-^ + 2jora:*^-^ + &c. a:nd 
^in by transp. «*"* — 1>* - 2q.a!^~^+q^ - 2pr+ öä-j^^""* 
— &c. =0; assumey = i% then y*-j»*- 2g',^*'"' + 
5* - 2pr + 2s.j/''''^ - &c. = 0, in which equation, the 
Talues of y are the Squares of the values of x. 

' .(^970 Cor. If the roots of the original equation be 
ttyb.'c, &c. then jf^2q=ia^ + b^+^+Scc.q^'-2pr 
+ 2Ä=a'6'+aV + &c. (Art. 271). 

Other transformations may be seen in Dr. Waring*s 
Meditationes Algehraicas^ Prob, ö ; and indeed, who- 
evei: woukl fiilly understand the natüre of equations, 
ijiurt havq reeoursö to^ that Work. 

liu'-hi^:,- . ON 
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ON THE LIMITS OF THE ROOTS OF 

EQUATIÖNS. 

(ags.) If a, ft, c, — rf, &c. be the roota of an equa- 
tion, taken in order^ that is, a greater than Ä, 6 greatejr 

than c, &C.* the equation i» x—a.x^ ä^o?- c.a:+rf.&c. 
= ; in which, if a quantity greater than a be su)^ti- 
tuted for Xy as every Factor is, on this;8uppoi|it}onj, posi- 
tive, the result will be positive ; ifa quantity less tha^ 
ßy but greater thai^ i, be, substituted, the f esult will be 
negative^ because the first factor will be ne^tiye and 
the rest positive. If a quantity between h and c be 
substituted, the result will again bö posiitve/ bfecause 
the two first factors are negative and the rest positive, 
and so on. -Thus, quantities whtch are limi^ to the 
roots of an equation, or between whi^h the roots ^ie, if 
substitiited, successively, . for the. unknpyirn qiia|)tity<^ 
give resuhs alternately positive and neg5it;iv^w" x 

(299.)' Conversely, if tWo magnitudes,- ^^'sübsti* 
tuted for the unknown quantity, giv6 röstilfei ' äflected 
with difierent signs, an odd number of roots ihust^ lie 
between theHi ; and if a series of magnitude«^ taken in 
Order, can be found, whicb giVeas many rf^sulM^ alter- 
nately positive and negative, as the eqvation has 
dimensions, these niust be lioiits to the. roots of the 
equation ; because an odd number of roots lies between 

each 



■» «!■ ■ '■ » I • « I 



.*Id this series^ the. greater (iis) the less is--£^. And wbenevep 
«, h, €,'--• df «icc. are said to be the roots of an equation taken in 
Order, a is supposedio be the greatest. Also, in speaking of the 
limits of the roots of an equattoi/, we understand Uie limiu of the 
pofisibl« roots. 
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each two sacceeding terms of the series, and thcre 
afe as many terms as the eqnation has dimensions^ 
tberefore this odd number cannot exceed unity. 

"(300.) If the results arising from the Substitution 
of two magtiitudes» for the unknown quantity, be 
both positive or both negative, either no root of the 
equation^ or an_ even number of roots, lies between 
them. 

(301 .) Cor. If m, and every quantity greater than 
m, when substituted foit the unknown quantity, give 
positive results^ m is greater than the greatest root of 
the equation. 

(303.) Tofind a limit greater than the greatest 
root of an equation. 

Let the roots of the equation be a, b, c, &c. trans-< 
form it into one whose roots are a- e, 6 — e, c — e, &c. 
and if^ by trial, such a value of e be found, that eveiy 
term of the transfbrmed equation is positive, all if s 
roots are negative (Art. 265), and consequenüy e is 
greater than the greatest root of the proposed equation, 

Ex. 1. To find a number greater than the greatest 
root of the equation jfi — 5 j?*+7a?— 1 =0. 
Assume x s^ + e, and we have 

3^-S3ey-h 3^y+ e^ 
— 5y— lOcy- 

+ 7y 

in which equation, if 3 be substituted for e, each of 
the quantities, 6*-5e*+7«-- 1, 3e*- lOe+7, 3e— 5, 
is positive, or all the values of y are negative ; there- 
fore 3 is greater than the greatest valOe of x, 

Ex. a. 
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Ex. 3« In any cubic equation of thisTorai, x^ ^qx 
+ rÄO, v9 18 greater thau the greatest root. 
By transforming the equation, as before, 

• + r 

and substituting sjqtor e,t^+ ^y/9If^ + 2 jy + r = 0, 
every term of which is positive; therefore x/j^is greater 
than the greatest value of a?. ' 

(303.) Cor. If the signs of th6 roots be changed, 
a limit greater than the greatest root of the resulting 
equation, with it's sign changed^ is less than the least 
root of the proposed equation. 

Ex. Reqüired a limit less than the least root of the 
equation y' - 3y +7^ =0, 

When the sjgns of the roots are changed» this equa- 
tion becomes y' — 3y — 7^ = 0. 

. As^mey:sx+e; then 



- 3a?-3eC=6j 



and if 5 be substituted for e, every term becomes posi- 
tive, consequently 5 is greater than the greatest root 
of the equation y® - 3y - 7^ = ; and - 6 less than the 
least röot of the equation y* — 3y + 73 = 0. 

(304.) The greatest negative coefficiefit increased 
hy ufdty, is greater than the greatest root of au 
equation. 

Let X*— /^i?*'"'-^!!*'"*— &c. = 0, and if the coef^ 
flcients be equal, «^-jpa?""''— /ix^^^-Äc. =0, orx^ 



» * 
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the roots of which equation arc a-e, S — e, c-e, 
«-df— e, &c. and the coefficient of the last term bat 
pne of any equation of n dimensions, is die sum of the 
rectangles ander n - 1 roots^ with their signs changed 
(Art. 271); thereforc, 

!I e—a . e ^ 6 . e^ c lkc. 
s /+ g— g - e- b . €+d. kc. 
l + e-b.e—c.e-^d.&c. 

in which, if 0, J, c, — rf, &c. be saccessiirely sabsti* 
tuted for e, the resalts are. 



a-b.a^c.a+d. See. which. is positive. 



6— a.ft-c.J+o. &c. negative^ 

C'^ä.c—b.C'\'d. &c. positive, 

^d—a. ^d^b.-d-^c. &c. negative, &c. 
therefore a, 6, c, - if, are limits to the roots of the 

eqaation ne*~' - » — 1 .pe*"*+&c. = (Art. 299), pr, 
sabstitating j? for e, to the roots of the eqaation 
na?»"'— »^l.^«*-* + &c=0. Let a, /3, 7, &c. be 
the roots of this equation, taken in* order, then a, a, 
^f ßs c, y^-^d, &c. are arranged according to their 
magnitudes, that is, a, /3, 7, &c. lie between the roots 
of the equation x^— />a?*""*+ya:*"*— &c. = 0. 

(308.) Cor. 1 . It appears firom the preceding de- 
monstration, that iiä»"'— n— L^x^-^+n — s.goc:*''*— 

^IK^I^H^BaB ^^^«^MH^ «^^■^^■«^B MB^HBa^iBB^ ^H^i^lBMa» «KwaKaB^ 

&c. =J? — a.ar— ft.jc — c. &c. -f a: — a.a?— Ä.x + il &c. 

+x— a.1?— c.a;+i/. &c. +j?— ^.x—c.x+rf. &c. where 
a, ft, c,— rf, &c. are the roots of the equation x*— po?*""* 
+yjf*'"*— &c.=5 0; also jj*— />!?*•"'+ yx*"**— &c. = 

I « ■■ M I MI ■ I I ■ ^ , 

x — a.x-'b.x—c.x+d, &e. therefore. 
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IM?""'—» - 1 .«a?*'"*+ n - 2.öÄ*'"3 - &c. _ .1 • 1 
jp»-..j[>Ä*"^^+jfjf-*— &c. ar + a x— « 

(309.) Cor. 3. If thelimitingequationto ni;^'*'«- 



n - 1^««"* + n— a.ijfjf "^ - &c. Ä be taken, it's root« i< 
will lie between the first and third^ second and fourth^ 
&c. roots of the first equation* 

(310.) Cor. 3. The original equation has as many 
positive foots^ and ad many negative^ as the limiting 
equation^ and one mpre^ which will be positive or nega^ 
tive according to the nature of the equation. 

(311.) Every equation wjiöse roots are possible^ has 
as mafgf changes öj signsßrom + to - , andfrom — 
to +9 as it has positive roots ; and as many continua^ 
tiansof the same sign, from + to +,andfrom'^to — , 
as it has negative roots. 

Let jf»-px*-*. ... ±*Sa?*±Pa(?±ÖaO, theequa- 

tion of limits is nsf^^ - » - l.px"""* ±2Ssi 

±P^09 whichy as faras it goes, has the same signs 
with the former ; and' therefore the original equation 
will have one more change of signs^ or one more con- 
tinuation of the same sign, than the limiting equation^ 
according as the signs of P and Q are diflferent, or the 
same. 

Suppose a, ßy y, &c. to be the roots of the limiting 
equation ; then the roots of the original equation are^- 
by Art 3 10, of this form^ a, b, c, ± d, &c. therefore^ P, 
withit'8proper«ign, = wx-ax— /3x-7 x &c.and Q 

sm^ax — 6x —ex T rf X &c. ( Art. 37 0* ^^^^'^ P''^ 

. duets 
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ducts will have the same sign when the multipHer d 
is positive, or the roat {-d) negative, and difierent 
signs when that root is positive. It appears then, that 
if the original equation have one rtiöre change öf s%ns 
than the limiting equation, it has one more positive 
root ; and, if it häve one niore continuation of the 
same sign, it has one wiöre negative root ; therefore if 
it can be shewn that every e(][uatiori'of w- 1 dimen'- 

sions, ' and consequently the equatioil na^"^ — w —^ 1 ; 

|>Ä?""'*+w — 2.g'j?"~^rr-&c.=0, which i& therUiBitiDg 
eqüaition to af' - paf^^^+qx^"^. — &c. = 0, has as many 
changes of ;&igns as it bas positive roots, and as many 
continuations of the same sign as it bas negative roots^ 
the same rule will be true in the equation af^-^-px^"^ 
+ q ai^""* — fec. = ; or, in other words, if the rufe be 
true of every equation of one order, it is trufe of every- 
equation of the näxt supetiör order. Now in eveiy 
simple 'Equation a?—a = 0, or ö? + a = 0, the rule is true, 
therefore it is true in every quadratic x'^±px±q^6'\ 
' ati4 if it^ ^ ^^ V^ every quadratic, it is true inrevfery 
^tjibic ; ^p4 ßP .QA ; that is, the rule is true in all ca^eSf 
. ; III tbe dentonatration, each root, + dy is supposei) to 
be.^istinqil; ftotxv the rest, and a possible quantiity.'- : ^^ 
. . .H^Qce^' wbeii all the roots are possible, the number 
of positive roots is exactiy known. 

Ex. The equation ;i?^+a?*- 140? +8 s=<), has two 
positive and one negative root ; because the signs are 
+ , +,—>.+ ? in which there are two changes, one 
ftbiri -It to — , and the other from — to -f , alid one 
6öntihuation of th^ sign + • t % 

\^ \S\2.) Ff^hen dmf coefficient vanisheSy it may he 
66n^dered either ds positive or negative ^ becatise the 
välae ' qf tki whote expresswn is the same on eiiher 
suppäsitian. 
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Ex. If the roots of:the equatipn or'— jÄ?+r=0 
be possible, two of th^m ar^. positive and the third 
18 negative ; for th^re $m« two changies of signs ia the 
equatioa x^±o^5fj? + r=fcO, ^td'one continuation of ^ 
the same sign. : ' .... 

(313.) If all the roots öf aneqüation be positive, 
or all negative, and its terms be ntultiplied by the 
terms of any arithmetical pivgression, the resulHng 
^uation unU be a limiting equation tö thefomier. 

kl » ■ ■ ■ ' 

Let the roots of the equation ßf^^paf^"^ + qaf^^*^ 
&c. =z 0, taken in order^ be a^ i> . c^ &c. and when 

■ 

ithey are substitated for x in the quantity nx*""'— ^»- ^f. 
ydf" *+&c let the results be + L, -il/, +iV; — 
&C. {Art 307.) ; then, when they are substitnted in 

Bxxnx^^^ -n — l.pa^'^+ iicc. the r^ults will be 
+ BaL; -^JibM, +BcN, -,&c. büt when the säme 
qtiaiitities are substituted for x ina^ - paf^^^ + qaf^^^'^ 
&c; or in Axf" - Apof^-^ + Aq:xf'^^^ — &c. the results kr^ 
ootlring; therefore when they are substituted in the 
kttin of Aaf - Apaf-' + ^y^-' ^"&c; and Bxy 

I ^ ^- , ^^^^^^M^a«.«« 

I ■ ■ , - V 

flii!*^'-n— 1. />«""* + w-2.ya:f^"''-&c. or in -4 + wÄ 

jr-A+ n^.B.paf""' + A+n-a.B.qaf-'^ - äc. the 
t^ults are +BaL, ^BbM, +Äci^^, — &c. tbere- 
forq (Art. ^99)9 9^ b, c, &c., are If in its of the rootf 

of the Equation A + nB.af* - A + n- 1 .Ä.pa?'"*-^. 

A+h-2.B.qj(f^^'-&tc.=:0, which is deduced from 
^the'former by multiplying it*s terms by the terms öf 
tHe 'arithmetical progression A+nB, A + n^ 1. Ä, 
-^+«— 2.ß, &c. 

?. : Conversely, 
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CoQversely^ the roots of this latter equation are 
limits to the roots of the former. 

If B he negative, or the series an increasing one, the 
results will be, — BaL, + BbM, — BcN, 4-&c. there- 
fore a, b, c, &c. zve limits to the roots of the equa- 

tion, .4— nÄ.x^— ^ — w— l.B.;?a:""* + ^— W-2.Ä 
jfx*-*^&c. = 0, as before; only a will be less than 
it*8 greatest root. 

(314.) Ifan equation have both positive and nega^ 
the rootSy and ifs terms be multlplied by the terms 
of an arithmetical progression, an equation arises, 
whose roots are limits to the roots qf the former, with 
this exceptton, that either two of it^s roots, or none^ 
lie between the positive and negative roots of the 
original equation, according as a decreasing or in- 
ereasing progression is used. 

Let the roots of the equation oif^ -jöa?»""^ — gri^-* — 
&e.as09 taken in order, be a, — J, — c, &c. W hen 
these values are substituted for x in wa?"" ' - w — 1 •px*'"* 

— fi — 2 .g«*"* - &c. the results are, + L, — M, + JNT, 
«-&C. (Art. 307), therefore when they are substituted 

in jBjJxaw/*"' — »— l.pa?*""*— «— 2.5ra:*^^-.&c. or in 

Jl+nB.af--A + n-l.B.paf''^'-A+n^2.B.qaf^* 
- &c. the results are +BaL, + BbM, - BcN, + &c^ 

Now the roots of the equation A+nBjx^^^ A+n-^l.B. 
/|J5^~** — &c. = are of the same form with the roots 
of the original equation'*^, because there is the same 
number of changes of signs in both ; let these roots, 
taken in order, be «9-/3,-7, &c. and since both 

a, and 

I 

* Hera wie suppose that the first term is not taken oiit, aüd that 
tht tügan Qf the terms of the progression are not thanged. 
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a,.aiid —b^ when substituted in thelimit, give positive 
resultSy either two roots a, and — )3, or none^ lie 
betiveen them (Art. 300) ; and —b^B, negative quan« 
tity, cannot be greater than a; a positive one ; there- 
fore the order of the magnitudes is a, a, — /3, — b, 
"^ 7* "" ^^ &c- tJ^at is, when the terms of the equation 
are multiplied by the terms of the decreasing arithme- 

tical progfession^ A + nBy A + n—l JS, A+n''2.B; 
&c. two roots, a, and — /3, of the limiting equation, 
lie between the positive and negative roots, a and — i, 
of the original equation. 

When B is negative, and n B less than A, or the series 
an ascending one, it may be pröved, asbefore, that when 

a, ^b, — c, &c. are substituted for x, in A—nB.sf''^ 

A'—n-^ l.Ä.jöaj"'"' — -4-« — 2.5.ja?*-* — &c. the.re- 
sultsare ^BaL. -BbM, +BcN, -&c. therefore 
' a is less than a, and either two roots - /3, — 7, or^ne 
Ke between a and — b ; there cannot be two, because 
then - by and - c, are both less than —7, and when 
substituted for x, must give results afl^ted with the 
lame sign ; but the results are - JBfiilf, and +BcNi 
therefore the order of the roots is a, a, - ft, -ß, — c, 
-^7, — &c. that' is, no root of the limiting eqviation 
lies between a, and -i. If ^ be less than wB, the 
first term of the limiting equation is negative, and the 
«igns öf all the terms being changed, to reduce the 
equation to a proper form (Art. 262), the series 
becomes a decreasing one. 

(316.) In the prec^ing demonstration^ the limiting 
equation is supposed to contain as roany roots as the 
original equation, and of the same form. If the 

arithmetical 



r • 
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arithmetical progression begin from nothing, it may be 
proved in the same manner, that no root of the limit^ 
thus deduced, lies between the positive and negative 
roots of the proposed equation. 

(3 16.) Ex. Let the proposed equation he a^-^qx + r 
=0. The roots of the equation 3 a?*— 5 = 0, are 
limits which lie between it's roots (Art. 307.) 

Let the terms of the equation be multiplied by 
, the series^ 3, 2, l^ 0, and the Umiting equation is 

3x* — ya? = 0, whose roots are\/*, Ö, — v *, two 

3 3 

of which, and — v | lie between the positive and 

negative roots of the proposed equation (Art. 314). 

Let the terms be multiplied by the series 0,-1, 
^r^? -— 3, the limiting equation thus obtained in 

2ö;p — SrssO, whose root ^ — lies between the positive 
roots of the equation x^-fjx + r = (Art. 315^. 

■ « 

(317.) Toßnd between wmcn qf the rooiSf of a 
proposed equation^ any given number lies. 

Let the roots öf the proposed equation be dimi- 
nished by the given number, and the number of 
negative roots, in the transformed equation, will shew 
it'd place among the roots of the original equation. 

Ex. To find between which of the roots of the 
equation a?^ — 9Ä?^+23a!— 15=0, the number 2 lies. 



Assume 



X 
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Assume arsy+2; then^ 

- 9af»f -9y'-3%-36f 

+ 33« ( +33y+46f~"» 

-16 3 -ISj 

w ^-^ Ay^'-y + 3 =:0> which bas one negative root; 
and the roots ef the proposed equation are all posi- 
tive ; thefefore two of them are greater, and pne is 
less, than 3. 

(3 1 8.) In generale the last term, and the coefficients 
of the other terms of the transformed equation are 
found by substituting the number, by which the roots 
a^ to be diminished, for x, in the quantities, 

a!^^p3f''^+qaf^* — &c. 



n.- 



i?"-* — n - 1 *—;t^p3f' + « - 2.— — ryx**-*— &c. 



2 



Ste Art.. 283« And by substituting, successively, dif- 
ferent^numbers for. o^»., the limits of the roots of the 
proposed equation may'fae found. 

Ex. Let the proposed equation be «*— 8d^r-5x* 
+ 10ar-3s=0. 

?, vjJuesof« ' " " ' 



«*-««'_ 6j[?+ lOX- 3 as 

4^5* -Äc* - IQj? + 10. . . . = 

6«* — fo— 8 =5 

4x — 2 = 



+ 1 

-5 
+ 3 
+ 1 



-3 
-2 

+ 7 
+6 



+ 9t 

+ 34 
+31 
+ 10 
>+ 1 



1 : 



.•■ < 



1.3 



Front 
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From the changes of signs in the proposed equation^ 
it appears, that it bas one negative and tbree posi- 
tive roots ; whenthese rootsare diminished by 1, they 
become two positive and two negative ; wben dimi- 
nisbed by 2, they become one positive and tbree 
negative ; and wben diminished by 3, Üiey all become 
negative ; therefore one root of the proposed equation 
lies between O and 1, one between 1 and 2, and the 
third between 2 and 3. 

By changing the signs of the roots^ and proceeding 
in the same way, we may find, that the negative root 
lies between —2, and —3. 



ON THE DEPRESSION AND SOLUTION 

OF EQÜATIONS. 

» 

,(319.) 1f fl» ep Jion wntain equal roots, these 
jmy bejbund, and me equation teduced as mamf di-' 
memnohs lower as there are equal roots. 

*- 3:*et the roots of the equation x* - j^a?*""* + qsf^^^ - 
&c.=0, be a, J, c, rf, &c. then (Art 307), 



«j:«--«-nr-l.px"-*+I 



X'^a.x — h.x — c. &c. 



+a?— a^— 6.a?— rf. &c. 



n - 2.5^ jp^*"'— &c. [ j +ar — ajc — ex - d. &c. 

-fx— ÄeJ? - car — d. &c. 



Suppose a^h\ then, 



nx* 



-1 
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X'-a.x—a.x—c. &c. 
wjg*^' - « - 1 ./la*""* + \ / + JP - a . ^--fl ' J? ■" <^ - &c. 
11- 2.jjf ""'— &c. I ~" I '^ x-a . X'-c.x-d . &c. 

+ar-a.a? — ex — rf. &c. 

the whole of which is divisible by x— a without re- 
mainder^ that is, a is a root of the equation wa?"""' — 

If three roots a, i, c, be equal, a?-a.a:-ra will be 
found in every producta therefore the equation is divi- 
sible by x^-a.x-a without remainder^ or two of it*s 
roots are a^M (Art 268)^ . ^ 

In the same manner, if the original equation have 



m equal roots, the equation naf'^^ - » - 1 .pjf^^^+n - 2^ 
qaf^^^-- &c.=sO, has m- 1 of those roots. 

(320.) Hence it äppears, that when there iare m eqüal^ 
roots, the two equations have a common measure^of 
the form a^-ap"', which inay be obtained^in the 
UBuai way (Art. 90), and m roots of the : original 
equation may thus be known. Divide this equation 

by X - ol**, and the resulting equation, of w— wt 

dimensions, contains the other roots. 

- . . (. 

Ex. Let the equation aj^-p^^+ja?— r=0, have 
two equal roots; then 3j?* — 2jpa: + j=0 has one of 
them ; and the two equations have a common measurd^ 
^hich is a simple equation ; consequently, the quanti- 
ties gx^ -9px^+ 9qx - Qr and 3a?* - 2pa? + 9, have the 
same common measure, which is thus found, 

3j?'— 



* The equation ii+»JB.af.— -4+»— 1 .B.p*»-«+&c=50 hat 
tlao one of the equal roots. See Art« 3 ] S« 
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■*«i 



— 3jpa?*+ 2p^x-pq 



6q-2p^x x+pq'^Qr 

hence^ 6q - a/>*.x +p j' - 9r is a divisor of the equation 
Ä* - pj^ + yar - r =0 ; that is, 6q - Qp'^.x ^pq^ Qt ±» O, 

• aad^=|^^^, (Art 268). 

Thus two roots of the equation are dificovered ; and 
since p is the sum of all the roots^ the third root is 
the diflference be^ween p and the sum of the two 
equal roots. 

Let the proposed equation be a?' — 42c^ + 6 af — 3 






Here, ^^4, ?=*Si:i;jr^_L354 one of the cqu?|l 
roots 18 y^Py *. 1 ;• 'ttna Wie third root U p— 3« 
4-3 = 3. , 

But it must beobserved, that though ^ ^ ' ^ j^> 

should be found^ upon trial, to be ä root of the pro- 
ppsed cubic, this equation has not two equal roots, 

nnless ?^^^^^ be a root of the depressed equation 
ogr— 2p* 

3a;*^2pa?+g=0. 

(321.) If the roots of the equation j:'-pj?' + g^—r 

«ssO, be in arithmetical progression/ g _^r^ is one of 

them. 

Let 
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Let tbe Toots be a- i, Uya+bi then p-3a, 9 = 
3ja*-h\ andr=;=a3— a6*; hence, 9r-;>?=— 6a^^ 

and 6jf— 2p*= — 66*; therefore, g L-q«^ ^ _ gfca ^ 

(322.) Ifttvo roots of an equation he oftheßrhn 
+ a, - a, differing only in their signSy they may he 
foundy and the equation depressed. 

Change the signs- of the roots, and the resulting 
equation has two roots + a, - a ; thus we have two 
equations with a common measin^, «?—«*, which may 
be found, and the equation depressed, as in the 
preceding case. 

Ex. Required the roots of th^ equatioi^#4- 3^ - 
7a!^ - 27a?— 13 ?=»0, two of wbioh are of th^ fwiin + o^ 
— a. By changing the signa of the ftlterna^e ten^we 
obtain the equation a?* — 3a:^-7^ + ^7^- 18=^^ 

'which has two roots of the form +a, -^a; and the 
common quadratic divisor, of the two equations, is 
a:^ — 9 = 0, hence, a? = ± 3. To obtain the other roots^ 
divi(k jp*+3a?— 7a?*-^27j:*- 18»0,by a^Vf^^O, and 

, the roots of the resulting equation 07^+30? + 2?= Q^afe 
the roots sought. 

(323.) By this method, when the coefficients are 
rational^ surd roots of the form ± hJ a may be 
^liscover^ (See Art. Vl^^ 

(324.) When there are two other roots of the same 
form, the equations will have a common divisor ^— 
Qa?* + jR = O, which contains the four roots, a, — a, 

If 



\ - 
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■^ If the roots of an equation have any qther given 
relation, they may be found in a similar manner 
.(§(ee ~ Waring*s Alg. Cap« 3) ; but as particular re- 
lations of the roots to each other are rarely known, 
it seems unnecessary to prosecute the subject farther^ 
in thU place. 



i . 



SOLUTION OF RECÜRRING EQÜATIONS. 



(325.) The roots of a recurring equation^ of an 
even nunlAer of dimenswnsj exceeding a quadratic, 
may he found hy the Solution of an equation of half 
thenumher ofdimensUms. 



Let af—paf "■".../. .—Jt?a?+ IssO; its roots are 

of the forma, \ h, ^, &c. (Art. 292) ; or it may be 

eonoeived to be made up of quadratic factors, ic-a,. 

X — ; X — 6uc— T ;&c. i.e. if m = a+-5 n=ri + 7, &c. 
a ' o a o 

of the quadratic factors, x'— ma? + 1 ; x' - or + 1 5 &c. 
Then by multiplying these together, and equating the 
coeflScients with those of the proposed equation, the 
values of m, «, &c. may be found. Moreover, fbr 
every value of m there are two valaes of j? ; therefbre 
the equation for determining the value of m, will rise 
only to half as many dimensions as x rises in the 
original equation. 

(326.) If 



RECÜREING fiaUATlONS. I69 

(336.) If the reäurring equation be of an oddnnwhet 
of dimensions, 4-I9 or —l is a^roöt (Art. 295); and 
theeqi^tion may therefore be reduced to one of the 
same kind» of an eten number of dimensions^ by 
division* r 

I V 

. £x.l. Lcjt 0^—1 ssO, Unity is ope root of thia 
equation^ aq'd by dividing ^ — 1 by ^ - 1 , the equar 
tion x^+jc+lssO 18 obtained, which contains the 



other two roots, ^ > and J^ 

a!*+x+ls=0 

2 2 



—•1-4- / — ^ 

^r— "" -^^ I that is. the three h)ot8 of the 
equation a^—l=iO,qr the three cube roots of 1^ are 1» 

3 a 

In the same manner, the roots of the equation a^+ 



1 =0 are found to be— K -ZL^lJL^, and LZÜ— I— . 

2 * 2 

This also follows from Art. 28 1 . 

Ex. 2. Let of*^ 1 3 0. Two roots of this equation 

a?*— 1 
are + J , — 1 ; and by division^ ^^ =^^4- 1 =0, an 

equation which contains the other two roots^ + \/— 1, 
and — a/- 1. 

Ex. 3. 



Ex. 3V Lct a:* + 1 =: o. A^sume a?*— wi4?-f IK 

_ t 

m+«.j? + l =a?* + l, and by equating the coefBcienM^ 
m + n = 0^ and mn+2=0; hence »= -m/and — «»• 
+ 2 = 0, or m* = 2, and m = ± -^2^ Therefore the 
fwo qüadttifics which contain the roots of the .biqua* 

dratic, are x^+s/2.x+ 1 =0, and x^-^ ,J^j€ + \ äO, 
from the Solution of which it appears that the roots am 

■■ ' • ' ^^y ^ ■' and — . — '^^ 

V2 ^2 

In ^he same manner may the roots of the equations 
a:^+l=0, andÄ^ + l=0, be fotmd. 



THE SOLUTION OF A CÜBIC EQUAT10>J 

BY CARDAN'S RULE. 

(327*) Let the equation be reduced to the form 
s^^qx-^-r^^-Oy wjiere jr^nd r may be positive or 
negative. 

Assume x = a + i, then the equation becomea a+W 

- j>c,a+J + r=0,ora' + 63_^3^jxa+Ä~grxa+J + 
r=0; and since we have two unknown quantities, a 
and hy and have made only one supposition respectipg 
them, viz. thata + J=a?, we are at Hberty to make 
another ; let 3 a i - jr = o, then the equation becomes 

a? + 6'+r=0; also, since 3a J — 5r=o, &= — ,andby 

Substitution, 



I 

• 
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Substitution, a'+-:?--ä+^=0, or a^+ra' + 51 =0, an 

27a' ' 27 

equation of a quadratic form ; and by completing the 

T^ f^ cP V 

Square, a?+ra^ + -jr 5= ^jandfl?+- = ± 

V— — t^; thereforeÄ^= — « ± V — — t^^ anda=: 
■ 4 27 2^4 27' 

^ " ; - Vt-^- Also, since a«+ Ä«+r = O, > 
-*& 4 27 

= -r, v^2:Z, and 4= vC?7^7?r£ . 

thereforear=:a + 6= V - -+ \PC--^ j. 
' 3- V y 37 + 

^ ^ 4 37 

We may observe, that when the sign of \J 21, 

in oae part of the.expression, is positive, it is negative 

in theother, that is «= y — + v 2_ j- 

3 '^ 4 37 ' 

3 ^ 4 37 

(338.) Sirice 6= ^, the value of « is also 

^"8-^4 27 

Ex. 



1 7^ CiARDAK*S RULE. 



Ex. 



Let 0?^ + 61? — 30 = O; here jr= —6, r= -20, 
X=\/lO+x/ 108+ \/lO-^/ 108 = 2. 733-. 732 

(329.) Cor. 1. Having obtained one value of 0?, the 
^quation may be depressed to a quadratic,. and the 
other roöts found (Art. 267). 

(330.) Cor. 2. The possible values of a and b being 
discovered, the other roots are knovirn withoiit the 
Solution of a quadratic. ' 

The values of the cube roots of a' are a, 

LZV ia, and^ x ra; and the values of 

2 2 

theeuberootof 63, are &, -^+n/'^ J ZlZJilEIh 

2 2 

(Art. 326). . Hence it appears, that there are nine 
values ofa + J, three only of which can ans wer 'the 
conditions of the equation, the others having been 
introduced by involution. These nine values are^ 

1. a+b 

2 
; a + ll-^^^b 



2 



4 



2 



6. -1 



* See Art. 259. 
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5. --^ aH ^ b 

2 2 

6. -'■^>/^a+-'-f^b 
7« ?^ «+* 



8. 



9- 

In the Operation, we assume Sah^q^ tbat is^ the 
product of the corresponding values of a and h is 
supposed to be possible. This consideratton excludes 
the 2^' 3*' 4*- 5'*" 7"**- and 9'**- values of a+6, or xi 
therefore the three roots öf the equation are a + fc, 

a*h ! u^ and— — -— Ä+ 

2 2 2 




*•■■■■ 



b. 



The value of a? is also a + ^ ; therefore, if a, ao, 
)>a be the three roots of a^, the roots of the cubic are 

(331.) Cor. 3. This Solution only extends to those 
cases in which the cubic has two impossible roots. 

Forifthe roots bem+^/3«,m—Ay3n, and —2m, 
then — q (the sum of the products of eveiy t^o with 

their signs changed) = — 3 m'* - 3 n, and ^^m* + ni 

also, 
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alsoj r (the product of all the roots.with their signs 
changed) =2»!?— 6m?i, and - = m' — 3mn; and by 
involution, 

4 ^ 

^ 4 27 ^ 

-nxgw* - Gm^'n + w^and V ^ - ^ = ^ZTFxSw^^, 

a quantity manifestly impossible^ unless n be negative^ 
that is, uAless two roöts of the proposed cubic be im- 
possible. 

-SOLUTION OF A BIQUADRATIC BY 
DES CARTES'« METHOb. 

(332.) Any biquadratic may be reduced to the form 
0?* + jar*+ra?+Ä = 0, by taking away the second term 
(Art. 284). Suppose this to be made up of the two 
vqoadratics, Ä*+ex+y*— O, and Ä?'-ca?+g = 0, where 
; + e and — e are made the coefficients of the second 
terms, because the second term of the biquadratic & 
wanting, that is, the sw^ of tt's. roots is O. By mulli- 

plying these quadratics together^ we have a?* +g+J — ^^ 
3!f^+eg — €j\x+J'g=^0, Which equation is made to 
coincide with thie former, byequating their coeffi- 
:<!ients, or making g -^-f,^ ^"^ = f j <^ — ^^^/^Äd^Ä" = *> 

hence,g+y*=:j+c%al80|l'-jr=-, and by taking the 

. - , * ■ ■ - 

«um and difference of these equations, 2^=jr + c*+ 

-I and 
e 
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-, anda/Äy+c*-^; therefore4/g^^=y*+25re*+e*- 



r« 



^ = 4*, and multiplying by c*, and arranging ihe 

terms a ccording to the dimensions of e, e^ + 2q€l*+ 
jf-4^ xe^-r^=0; or, making y=e% 3^ + 2gry*+ 

y* — 4j.y— /-^ssO. 

By the Solution of this cubic, a value of y, and tbere- 
fore of y/y!, or e, is obtained ; also^^and g, which are 

y+e*-^ q + e' + l 
respectively equal to and , are 

known; the biquadratic is thus resolved into two 
quadratics^ whose roots may be found. 

It may be observed, that which ever value of y is 
tised, the same values of x are obtained. 

(333.) This Solution can only be applied to those 
cases, kl which two roots of the biquadratic are possible 
and two impossible. 

Let the roots be a, i, c, — a + 6+c; then since e, 
the coefficient of the second ter m of one of the reduc- 
ing quadratics, is the sum of two roots, it's diflferent 

tmmm^imim^^ ^^mmm^^^^mmm mmmammmm^a^ 

values are a + i, a + c, 64-c, — a+Z^, — a+c, - i + c, 

sind the values of e*, or y, are a + 6|*, 'a + q*, 6 + cP; 
all of which being possible^ the cubic cannot be solved 
b^ any direct method. Suppose the roots of th^ bi^ 

quadratic to be a+ 6^ — 1, a— 6^ — 15 - ö+c\/ — 1, 

— a— c>/ — 1 ; the values of e are 2a, b-^-c.^ - 1, 

6— c./i/ — 1, -6-c.Av/ — 1, -6+c.^ — 1 and— 3a; 

and the three values of y are, 2al% — 6+cf, — fr--c|*, 

which 



-^ 
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which are all possible^ as in the preceding case. But 
if the roots of the biquadratic be a + & >/ - h ^ — 
^\/ — 1, — ö+c, — a — c, the values of y are 2af, 

c+b^y — 1| , c-^b^sy^l\ y two of which are impos- 
sible; therefore the cubic may be solved by Cardan's 
rule.' 



Dr. WARING's SOLUTION. 



(334.) Let the proposed biquadratic be j?*+2p^ = 
^x^'\'rx+s; now x*+px+n]^=a/^ + 2px^'^p^ + 2n. 

ä^^ + 2pnx+ n\ if therefore ]F+2w.ä?* + 2pnx + n^ be 
added to both sides of the proposed biquadratic^ 
the first part is a complete square, x^-^px+n\*, and 
the latter part, p^ + 2n + qX x" + 2pn+r x x + n^+ s, 
is a complete square, if 4xp* + 2n + qxn^ + s= 

2pn+r\^ (Art. 1^7), that is, rnultiplying and arrang- 
ing the terms according to the dimensionsof^, if Sn* 
+ 4jn* + 8Ä— 4rp.n + 45* + 4p®^ — r*=0. Fromthis 
equation, let a value of n be obtained and substituted 

in the equation x* +px+nf = jo* + 2n + qa^ + 2pn +r^ 
+ w'+ j? ; then extracting the square root on both sides, 

x*+px+n = ± Vi^* "** 2n+qxx + ^Z »*+**, when 2pn+r 

is positive ; or x'^+px+n = ± i^p*+2n + q.x — a/«*T7, 
.when 2pn + r is negative; and from tbese two qua« 
dratics, the four roots of the given biquadratic may be 
determined* 

Ex. 
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X Ex. Leto?* — 6j?^+öx*+3a?- 10 = be the pro- 
posed equation. 

By comparing this with the equation x*+2/?ä^ — 
9x*^ra?--5=0, wehave2/?= -6,orp= — 3,y= - 5, 

r=— 2, ^=10; and 8n^ '\'4qn^ + 8s-'4rpxn+4qs 
+ 4;?V-r' = 0, is 8w3-2C)»Vö6w+156 = 0, er 2n^ 

— ö«*+14n+39==0, one of whose roots is ; 



3 



49 .„^ _. _. 3 



hence,a?*-3^-- =Ä^+7^+-:r> and x^-3x = 

2\ '4 2 

±a? + 7i; or a?*-4^— 5=0, and a?*- 2^? + 2 = 0; the 

roots of these quadratics^ — 1^ 5, 1 + ^Z - 1, 1 — 
\/ — 1> are the roots of the proposed biquadratic. 

(335.) This Solution can only be applied to those 
cases in which two roots of the biquadratic are possible^ 
and two impossible. 

Let the roots be a, b, c, rf, then 71—^^ ff f s^ the last 
term of one of the quadratics, to which the equation 
is reduced, is theproductoftwöof them, asa6; there- 

fore n- ab^^n*+Sy and squaring both sides, n* — 

2na6+a'6'=w*+^i or — 2nab + a^b*=zs= —abcd 

(Art. 271), and dividmg both sides by— aÄ/2n-a& 

» » 1 €ib~\'cd , , 
=:cd^ or 2n=ab + cay and n= ■ ; the othor 

values of n are — — — , and — ; therefore, when 

2 ^ 2 

a, by c^rf, are possiblel, the values of n are possible. 

Also, wbcn these quäntities are all impossible, the 

values of n are all possible ; in neither case therefore 

M can 
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can the valne of n be oBtained by Cardan's rule; but 
if two roots of the biquadratic be possible and two 
roots inppossible, two values of n will be impossible^ 
and the cubic may be solved, and consequently the 
roots of the proposed equation may be found. 



THE METHOD OF DIVISORS. 

(336.) Slnce the last term of an equation is the 
product of all the roots tvith their signs changed, if 
amf root be a whole nmnber^ it may be found amongst 
the divisors ofthe last term. 

Ex. Suppose a?^-4a?* — 6a: + 12=0; the divisors of 

the last term are 1, - 1, 2, —2, 3, —3^ 4, - 4, 6, - 6, 

12, — 12, and by sübstituting these successively for a?, 

we find that — 2 is a root of the equation. 

« 

(337.) When the last term admits of many divisors, 
the number of trials may be lessened by finding the 
limits between which the roots of the equation lie ; or 
by increasing, or diminishing, the roots ofthe equa- 
tion, and thus lessening the number of divisors. ofthe 
last term. 

(338.) The number of trials may also be lessened 
hy sübstituting three or more terms of the arithmeti-- 
cal progression 1', 0,-1, ß^c.for the unknawn quan^ 
tityj andforming the divisors of tlie results, tdken 
in Order y into arithmetical progressions, in which the 
common difference is unity ; as it will only be neces^ 
sary to try those divisors of the last term of the 
equation which are found in these progressions. 

Let 
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Let X + a.Q = O be the equätion, one fector of which 
is x+a, and Q the product of the rest; if 1, O, —1, 
bc successively substituted for ät, the results are respec-. 
tively divisible by a + 1, a, and a-1; therefore 
amongst the divisors of the results/ formed into arith* 
metical progressions in which the common diflference 
is unity^ is found the decreasing progression a+ 1, a, 
a- 1 ; and if all the terms corresponding to o, with 
their sigAs changed^ be substituted in the equation for 
X, the integral values of x will be discovered. 

Ex. Lettheproposedequationbeo;^— 4x^— 6x+12 
=0. 



Supp. 



x = 



1 

O 

-1 



Results. 



3 
12 

13 



Divisors. 



1, 3 

1, 2, 3, 4, 6, 12 

1, 13 



Progr. 



3 
2 



The only decreasing progression that can be formed 
out of thö divisors is 3, 2, 1, therefore if one root of 
the equation be a 'whole number, — 2 is that root; 
and on trial it is found to succeed. 

(339.) If the highest power of the unknown quan- 

tity be aflfected with a coefficient, let mx + ax Q=0 
be the equation^ Änd Substitute 1, O, —1^ succes- 
sively for x^ then a+m^ a, and a^^m are divisors of 
the results^ if the equation have a factor of the form 

mx+ay or a root . Also m, the common difier-' 

m . 

ence, in the arithmetical progression a+tn^ a, a^m^ 

is a divisor of the coefiicient of the first term of the 

M 2 equation. 
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equati^H. In this case therefore, all the decreashig. 
pcogi^signs. must be taken out of the divisors of the 
resuHing quaiitities, in which the common difference is 
uniiy, or some divisor of the coefficient of the highest 
terni of the equation^ and amongst them is the pro- 
gressioh (OE + ^ a, a-^-nr; therefore by making trial» 
successively, of the terms corresponding to a in the 
prc^res^ions thus obtained, the factor mj?+ff, which 
divides the equation without remainder, will be found. 

Ex. To find a divisor of the equation 8aJ^— 26a:^ + 
1 1 x+ 10 = O, if it admit one of the form mx + a. 



Sup. Res. 



x = 



1 



— 1 



I 



- 3 
10 
35 



Divisors. 



Progress. 



1,3,-1,-3 

1,^2,^,10,-1,-2,-5,-10 

1,5,7,35,-1,-5,-7,-35 



3,3, 
1,2, 

1,1, 



3 
5 

7 



The decreasing progressions, in which the common 

difierence' is a divisor of 8, formed out of the divisors, 

are 3, 1,-1 ; 3, 2, 1 ; and -3, -5, -7; therefore 

the fectors to be tried are 2x+l, x+2, and 2x-5, 

the last of which succeeds, and consequently 2x->5, 

5 
=0 (Art. 268), or x= -. 

(340.) If an equation be of four, or more dimensions^ 
though it has no divisor of the form mx+a, it may 
have one of the form + m j?* + wo? + r. 



To find when this is the case, let ±w»*+wap+r 
X Q =t o be the equation ; and for x Substitute succes- 



sively , p-^e^p^p-^e, &c. then ± m.p+e\ + n.p + c + r, 

imp'+fijp-f-r, i;w.|?-el*+w./? — e+r,&c. are divi- 
sors 
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sors of the resulting quantities ; and if they be respec- 

tively subtracted from, or added to, m.p + e^j m.p*^ 

m.^--e| , &c. the remaind^rs, or sums^ are n.p + e + ^, 

«|>+^5 w.|>- e+r, &c. which form a decreasing arith- 
metical progression whose common difiference is ne. 
When J» = O, and e = 1 , this progression becomes »+ r, 
r, — n+r &c. and in all cases m is a^divisor of the 
first term of the equation. Let therefore 1, O, — 1, 
—2, &c. be substituted for x in the proposed equa- 
tion, and lej: the differences and sums of the divisors 
of the r^ßsults, and w, O, m, 4 m, ^c. be taken ; then if 
all the arithmetical progi*essions possible be formed out 
of these quantities, in oixier, amongst them will be 
found the progression n'\rryrj —n+r^ &c. therefore, 
by trial, the divisor mx^ -{-nx + r will be discovered, if 
the equation ad mit of a quadratic divisor whose coefB- 
cients are whole numbers. 

Let the proposed equation be 3a^+4a^ + 3x^'-2x 
+ 2 = 0: 



Sup« 
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• 




■ 








•-• 


•-• 


^ 


>« , 


t ■ 




1 


L 


1 


s 




Ol 




•* 



&< 


1 






"^ 










CO 

0^ 


CO 








c^ 


8 

C 


CO 






9s. 


^H 






^^ 


4> 


















CO 


Q 






CO 


•\ 


-o 


•* 


• 


tf5 


<- 


c 

CO 


«" 


c^ 




0^ 


•«0 

S 


«\ 


•\ 


^ 
C^ 


•s 


M 


.^ 


9k 


tf> 


ö 


e< 




•^ 


1 


Cß 


1 


7 





1 




•\ 


•\ 


•\ 


c^ 




Jt^ 


« 


CO 


c?^ 




1 


1 


1 


1 


Sq. 


CO 





CO 


c^ 










"^ 











.CO 


• 

9^% 






^ 




S2 








•> 


o 


•N 




•\ 


. Jt^ 


oS 


*o 




CO 


^^ 


•5: 


•^ j 




«\ 


•s 


Q 


fS\' 


c^ 


C^ 


c^ 


•\ 


•> 


•\ 


9s 


, 


^ 


^ 


^ 


^ 


• 


> 








S 





fS\ 


;o 


-^ 


(ä 


"^ 






CO. 




rH 





^H 


c^ 


• 






1 


1 





II 


II 


II 


II 




H 


H 


*« 


H 



From the first progression, n=='^4^r=2; from the 
other, n = 2, and r = — f ; therefore, since m may 
either be positive or negative^ the divisors to be tried 

are 
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are ± 3x* - 4a? + 2, and ± 3 a* + 2 a? - 1 ; of which, -* 3a?* 
+ 20?- 1, er 3»*— 2a?+ 1 succeeds; consequently, the 
roots of the equation 3x* — 2j?+ 1=0, are two roots of 
the proposed hiquadratic. 



THE METHOD OF APPROXIMATION. 

(341.) The most useful and general method of dis- 
covering the possible roots of numeral equations, is 
approximation. Find by trial (Art. 318), two nüm- 
bers, which substituted for the unknown quantity give, 
one a positive, and the olher a negative result ; and 
an odd number of roots lies between these two quan- 
tities, that is, one possible root at least, lies between 
them; tlien by increasing one of the limits, and 
diminishing the other, an approximation maybe made 
to the root; Substitute this approximate value, in- 
creased or diminished by v, for the unknown quantity 
in the equation, negleet all the powers of v above the 
first, as being small virhen compared with the other 
terms, and a simple equation is obtained for deter- 
miningt;, nearly ; thus a nearer approximation is made 
to the foot, and by repeating the Operation, the ap- 
proximation *mäy be made to any required degree of 
exaetness. 

Ex. Let the roots of the equation ^— 3y + 1 =0 
be required. 

When 1 is substituted for x the result is — 1, and 
when 2 is substituted, the result is +3, therefore one 
possible root lies between 1 and 2 ; try 1.5, and the 
result is — .125, or the root lies between 1.5 and 2. 

Let 
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Let l.5+v=i/; then, 
y^= 3.375+6.751; + 4.5 v*+i;'J 

-3«^= -4.5 -3v >=Ö, 

+ 1=+1 3 

that is^ — .125+3.75v + 4.5i;* + i;* = 0, and neglect- 

ing the two last terms, — .125 +3.75i; = 0, or v= 

125 
'—— = .033 nearly, and ^ = 1 .5 + v = 1 .533 neady. 

Again, suppose 1 .533 + 1; =y ; by proceeding as before, 
we find .003686437 + 4.050267 1; = O, and v = 

-.003686437 o . 

— ■ = - .0009101 &c. bence,y = 1.532089 

nearly. The other roots may be found by the Solution 
of a quadratic (Art. 267). 

(342.) The accuracy of the approximation does not 
depend upoh the ratio, which the quantity assumed 
bears to the root^ hut upon ifs being nearer to one 
root than to any other. 

Let the roots of the equation 3^ -^paf ' + jjf ""* — &c 
= 0, be ö+m, a + w, a +r, &c. of which a+m is the 
least ; assutne ß+t;=x, and let P— Qv + Ät;*— «Sv® + 
£cc.=0, be the transformed equation^ whose roots are 

Q 1 1 1 

m, w, r, &c. then -ß=— + -+- +&C. (Art. 273), 

P 1 

and Yi ^ "^j \ — , ' • ^^ t^e process we assume P 

« J.+i + i + &c. 
m n r 

^ P 1 

- HvsiO, or ^=73~"T — J — j 5 and on suppo- 

— +- +- +&C. 

m n r 

sitioQ 
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sition that m is much less than n or r. &c. — is much 

m 

l l P 

greater than - +- + &c. and 7T=m nearly ; but if m 
■ n r U 

bear a finite ratio to n or r, the approximation will be 

less aecurate^ and the less these magnitudes n^ r, &e. 

.1 1 

are, the greater error is made in supposing - + - + &c, 

to vanish, when compared with — . 

(343.) When m and n are nearly equal to each other, 
and much less than r, s, &c. and alßo both positive or 

both negative, then -pr = = , nearly, 

*— + - 1 + — 
m n n 

which is an approximation to m the less of the two ; 

but if one of these quantities be positive and the other 

negative, 1- - may be either positive or negative, 

and greater, equal to, or less than - H h&c. and 

p . 

oonsequently -g is not necessarily an approximation to 
any of the quantities m, «, r, s, &c. ^ 

Let P— Qi; + Ät;* = 0; the roots of this equation 
will be m and w, nearly. For if m, n, r, *, be the 
roots of the equation P — Qt; + Äir* - Sv^ + &c. = o, 
Psztnnrs, Q^zmns-^mnr + mrs+nrs^ JR=iww + 
mr + ms-^rfir + ns + rsy and since m and « are small 
when compared with r and *, Q;=wr«+«r^ nearly, 
and Ä=r* nearly ; therefore the equation P— Qv + 

/Cv'ssO becomes mnr^ — mr5+iirÄ.v+r^t;* = 0; 

hence, 



186 METHOD OF APPROXIMATION. 



hence^ v* — wi + w.v + m« = 0, whose roots are m and n. 
By the Solution then of this quadratic^ a much nearer 
approximation is made to the root a+fn than by the 
former method^ and at the same time, an approxima- 
tion is also made to the root a+n. 

(344.) In the same manner, \St roots be hearly equal, 
in Order to approximate to them, it will be necessary 
.to solve an equation of t dimensions. See Dr. Waring's 
Med. Algeh, p. 186. 

(345.) If we have two equations, containing two 
unknown quantities, we may discover the values of 
these quantities nearly in the same manner. 

Ex. 

Let \ ^ ^ r To find x and y. 
l^y-y =20) ^ 

Find^ by trial^ approximate values of x and y ; such 

are 20 and 1 ; and let i?=20+v, y = 1 +» ; 

theri a;*y = 400+40i; + 400Ä+v* + 40t;«+t;*Ä=r405, 

and ^y— y'=19+v4-18Ä+VÄ- «* = 2Ö, 

and neglecting those terms in which ^ or v is of more 

than one dimension, or in which their prpduct is 

found, as being small when compared with the rest, 

40O + 40t; + 40OÄ=405 
19+v+18ä = 20 
40v + 400« = 5 
t; + 10^ = .125 
and t; + 182; + 19=20 
or t;+ 18^ = 1 
hence^ 8 « = .875 

«=r.l09375 
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t; = .125r- 10« =-.96875 
therefbre j?=19.03 
and yss 1.109. 

By making use of the values thus obtained^ nearer 
approximations may be made to x and j/. 



ON THE REVERSION OF SERIES. 

(346.) If two quantities Ax + Bx^ + Coi? + &c. and 
ax^-bj?'\'C3(?'\-^c. be always equal, the invariable 
coefficients of the con^sponding terms are equal. 

For if these equal quantities be divided by x^ we 
have -4 + 5a? + Ca5^-l-&c. =:a+ia? + cx*+&d. or 
when X vanishes, A=^a, and ^.and a are invari- 
able^ therefore in all cases^ A^a\ hence also^ 
jBa? + Cj?*4-&c. = 6Ä?+ca?*-f-&c. er dividing by x, 
jB + C'a? + &c. = 6+ca?+&c. and when x vanishes^ 
B=sb, therefore in all cases^ B=:b. In the same 
manner^ C= c, &c. 

(347.) ' Cor. I{A+Bx + C^ + kc.=0 in all cases, 
then -4=0, B=0, C=o, &c. 

(348.) Approximation may be made to a rootof an 
equation, by assuming for it a series, involving the 
powers of that quantity in terms of which it is sought^ 
With indeterminate coefficients ; this series being sab. 
stituted for the unknown quantity in the proposed 
equation, the coefficients may be found by making 
each term equal to 0, and thus the series, which 
expresses the value of the unknown quantity^ may be 
determined. 

Ex. 
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Ex. Let y'— 3y+a?=0; required the value of y in 
terms of x. 

Let t/=zax + bai^ + cx^ + dx' -{• See, then 

+3aiV 
-3y= -3aa:-3ijr'— Scx^- 3rfj?^— &c.(^"" ' 

+ X =+ X 

and supposing each term to vanish (Art. 347)5 — 3 a 

1 a' 1 

+ 1=0, or a = - V a3-3i=0, i=— =-- ; 3a*ft-3c 
^ 3 '33* 

=5 O, and c = a*6 = -^ ; &c. therefore 

-^ + &c. = .347 &c. which is one root of the equation 

3^-33^+1=0. 

% 
If for y, the series aa?+Äx*-f car*+rfa:*+&c. had 
been assumed, the quantities 6, d, &c. would have 
been found = O ; therefore the even terms are uii- 
necessary. 

(349.) Cor. The less x is assumed, the faster jvill 
this series converge, and the more accurately will y be 
obtaiaed. 

(360.) This method of approximation is similar to 
the former, in this respect, that the series will have ä 
slow degree of convergency, unless one value of y be ' 
much less than any other. If this be not the case, find 
m, an approximate value of 3/, by trial, and assume 
m±v=y; then, when one value of v is much less 
than any other, it may be found by this reversion, 

*" and 
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and consequently that value of y which is nearest to 
my will be known. 

In the example Art. 341, ^ being found nearlj 
1.5, assume t; + 1 .5 =^, and the equatioa is ti*ans- 
formed into i;'+4.5v*+3.75i;-. 125 = 0: call this 
t;^+i?v*+jt;— a? = 0, and take t;=ax + 6j?* + ca?' + 
rfi?*+&c. then 

+pt;* = pa'af+ 2pab3fi+p.b'' + 2ac.a?* + &c. f _ q^ 
+ qv = ^ax+ yJor^ + yca;3+ qdaf^ + &c. f 

hence, ja— 1 =0, and a=- =--—= .26666 &c. j6+ 

»a* = 0, and Ä= — ^- — =—.08533 &c. therefore v = 

.26666 X .126 - .08533 X .r2bf + hc. = .0320 &c. 
and y=t;+ 1.5 = 1,5320 &c. as before. 

(351.) The same method may be usedito find y in 
ternts of x, when x and y, and their powers, are com- 
bined in any manner in the equation. 

Ex.«l. Let x=^ay + by^ + cy^ + $ic. required the 
value ofy in terms of j?. 

Assume y = Ax + J?a?* + Cx^ + &c.. 

then ay =aAx'{-aBa^+ aCx^ + &ic. 
hy':=: bJ*x' + 2bABx^ + &cc. 

cy^=z cA^ 

&c. = &c, 

— 0?=— X 

therefore a^- 1=0, or -4=-; aB+iA^ssO^ or 

a 
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Ä=— ^=-^; aC+2bAB + cA'^0,orC=. 
' "" = = — 5 &c. hence. y = — -r- 



+— T &c. 

Ex. 2. Leta?=y— ay'4. ly^ - &c. required the value 
of^ in terms of x. 

Assume y==Ax + Bx^ -{-Cx^ +&cc. 
then2/ = Ax+ Ba^+ Ca^+&c.] 

+ Jy5 = + .i^ V + &c. ^ = O, 

&c. =± &c. 

— j? = — a? 

hence, -4— 1 = O, or-4=l; J?— öy^*=0, or J5=a; 
C-3a^*B + *^^=0, or C=3a'-6; &c. therefore 

The method of determining the proper series to be 
assumed in each case^ without previous trial^ is given 
by Maclaurin \ Alg. Pt. 2. Ch. 10. 



ON THE SUMS OF THE POWERS OF THE 

ROOTS OF AN EQÜATION. 

% 
t 

(352.) Let a, i, c, &c. be the roots of the equation 
aj^-jpj;«-» + ^^«-» +«i;^"-'^- &c. =0, and Ay 

B, C, JP, Qj Ry Sy the sum of the roots, sura 

of their Squares, cubes, m- 3, m — 2, m- 1, 

w, powers respectively ; then will A =/?, B =p A — 2q, 

C=zpB^qA+3r, See. and S=:p R-qQ + rP 

- miv 5 
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— mw ; where + w is the coefficient of the m + 1^ 
term. 

It appears by Art. 308 that 

+ tH &c. whätever be the value 



j? — a a?— 6 j?— c 

of X ; and by actual division^ 

1 _ 1 a a"" tiT" 

x-a .X X* a^ af^-^^ 

1 1 . c c^ <r 

j?-c X x^ x^ 0?**+* 

and if x be supposed greater tban any of the magni- 
tudes a, bj c, &c* no quantity is lost in the division . 
therefore by addition, 

&c, and multiplying by o?* - ^a?'*"' + JJ?""*. . . . + 
wtx^^^ - &c. we have 



wx"'' 
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- npx""* - pAx"""^ -;)Ä^"'"-^-&c. 

+nqaf'^.. . . + ^Qx*"«"* + &c. 

--rPa?^-«*-'-&c. 

&c. 

+ ni^a?"- *"-"' + &€. 

and by equating the coefficients, A-^np^ —n-^^Lp, 

and A:=pi B -pA-\^nq^n-2.q^ or B—pA- 2y, &c. 

Ä— piJ + 5fQ-rP....+wM;=:n— m.zi;, or S^pR-^qQ 
+rP. . . . — mw. 

Ex. Let a:^ + öa?* - 6a? - 8 Ä O ; then by comparipg 
the terms of this, with the terms of the equation o?"*— 
paf^+q3[f''^'z&cc. =0, we have p= — 5, ^=-6, 
r = 8. 

Hence^ the sum of the roots =|? rz^—b^A. 
Sum ofthe squares=:j?^—2y = 25 + 12 = 37 = 5. 
Sumofthecubes=/>Ä-g'^+3r= - 186-30 + 24 = 
-191 = C&c. 

(353.) The proposition also admits ofthe following 
proof. ^ 

The same notation being retained ; let m and n be 
equal^ and since a, 6, c, &c. are roots of the equation^ 

a" -/>«""■' + 9a'*'"* +w = 

Ä*-|>6"~* +96**"^ +m;=0 

c»— l^c'**"" +50'*""® +11; =0 

^ &c. 

byadd. S—pR + qQ. +wti; = 0, 

or S=zpR-- qQ — nit\ 

lfm be greater than n ; multiply the proposed equa- 
tion by 4f •"''», thena?^-/?i'^"^ + jx'"'"* +u;ar"''' 

=;0; 



; 
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555 O; which equation has the roots a, bj c, &c. and 
m — w roots each equal to o ; therefore the sum of the 
wi* powers of the roots of this equation is equal to the 
sum of the m* powers of the roots of the former ; that 
i% S=p R-^q Q+&C. to n terms. 

When m is less than n : The sum of the m^^ powers 
of the roots may be expressed in terms ofj9, q^r^. . . .Wy 
where w is the coefficient of the m+V^ term of the 
equation. Porp* contains a'-f 6* + c*+ &c. with 
other combinations of the roots, as ö6, ac. bc, &c. 
which combinations are contained in a multiple of q; 
also, pP contains a^ + 43 ^ ^ ^ &c., with other combi- 
nations, such as a'Ä, ä^Cj b^a, &c. abc^ acd, bcdy &c. 
and these combinations may be made up of /?, q and 
r ; £or px q contains the quantities a% a% b'^a^ &c. 
and r is the sum of the quantities abc, acd^ bcd, &c. 
In the same manner it appears, that a^ + 6^ + c^ + &c. 
may be found in terms of jo, y, r and s ; and in gene- 
rale a^ + l^ + c^ + &ic. may be expressed in terms 
of p, y, r,.,..iü. Also, the number of combina- 
tions of any particular form, as a^b, cannot be altered 
by the introduction of the root c ; consequently the 
num6ral coefficient of the product j^y, by which the 
combinations of that form are taken away, is the same, 
whatever be the number of. roots : Hence the ex- 
pression for a'^+b^ + c^ &cc. in the equation af— 

paf"^ + qaf"^ + ti;x'*"""*— &c. = 0, is the same 

with the expression for the sum of the w* powers 
of the roots of the equation af^^-paf^^^ -^qxf^ 
+ u;=0; that is, Sssp R-^qQ. . . . ^mw. 



— » 
. • • • 
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This rule was given by Sir I. Newton for tbe piir- 
pose of approximating to the greatest root of an equa- 
tton* Suppose the roots all possible, and one greater 
than the rest, the powers of this root increase in a 
higher ratio than those of any other, and the 2ni^ 
power of this root will approach nearer and nearer to 
a ratio of equality with the sum of the 2 m*'* powers of 
tlie roots, as m increases ; therefore by extracting the 
2m^ root of this sum^ an approximation is mad« 
to the greatest positive or käst negative root (See 
Art. 306). 



ON THE IMPOSSIBLE ROOTS OF AN 

EQUATION. 

(354.) It has befbre been shewn (Art. 311), that 
there are as many positive roots in an equation as it 
has changes ofsigns, and as many negative roots ai 
continuations ofthe same sign, when the roots are all 
possible. 

But this rule cannot be applied to impossible 
roots; which appears by the demonstration there 
given, as well as from the consideration, that an 
impossible expression cannot be said to be either 
positive or negative. 

If then it appear from the terms of an equation 
that some roots may^ according to tlie above ml«, 
either be called positive or negative, they must be 
impossible. Thus, two roots of the equation 0^ + 
ja7 + r = 0, or j?3±o + ^j? + r = 0, are impossible ; be- 

cause 
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cause it has two changes of signs or none, according 
as the second term is supposed to be — o, or + o. 
In the same manner^ if any term of an equation be 
wanting, and the signs of the adjaeent terms be 
both positive or both negative^ the equation has, at 
least, two inipossible roots: and if two succeeding 
terms be wanting, it must always have, at least, two 
impossible roots. 

(355.) ImpossiUe roots enter equations by pairs 
(Art* 377) ; they also lie ander the fotm of two posi- 
tive or two negative roots. 

Let ±a+ a/ -t* and ±a — >y — 6* be the roots; 

then 0? + a— ^ — 6* xxTa + sf — V^x* + 2ax + «* 
+ 6* = O, the signs of which equation shew that it has 
either two positive, or two negative roots. 

(356.) Cor. Hence, if the last term of qin equation of 
an even number of dimensions be nfegative, it will 
have at least two possible roots, one positive and the 
other negative (Art. 371). 

(357.) Let an equation be transformed into one 
whose roots are the sqiiares of the roots of the former, 
(Art. 296), then as many negative roots as the trans- 
formed equation contains, so many impossible roots, 
at least, are in the original equation, because the 
Square of a possible quantity is always positive. 

(358.) Ifany series ofmagnitudes be stibstituted 
in. Order yjbr the unknown quantity in an equation, 
there can only be- as many changes of signs in the 
resultSy as the equaiion contains possible roots. 

n3 Let 
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Let a?* — 2flfx4-ö*+Ä*x X — c.j?-rf. &c. =0, be an 

equation whose roots are a + \/ — 6% « — />/—&% c, rf, 
&c. whatever magnitude is substituted fori:, thequan- 
tity x^ - 2ax + a^ + 4*, which is the sum of two Squares^ 

X'-aY + b% is positive ; thereföre the changes of signs 
can only arise from the Substitution of quantities for x 

in the product x — c.x—d. &c. which changes, when 
the quantities are taken in order, are as many as there 
are possible ropts c, rf, &c. (See Art. 298.) 

(309.) The limitin g equation* hos, at kost, as 
many possible roots as the original equaiiony wanting 
one. 

Let j?' — 2aa? + a*+6*x x-'C.x—d. &c. =0 be the 
proposed equation^ the limiting equation is 



j7*-2aa: + a* + 6*xa?-c. &c. 
+ :c*— 2aj? + a®+Ä'x x-d.icc. 

+ x —a+y/^^x x-c.x--d.icc. 



>=0, 



or by adding the two last terms together, it is 

a?' — 2 «0? + a* + 6* X 07 - c. &c. ^ 
+ a?*— 2aar+a* + ^x j: — rf. &c. >=0, 
H- 2.a?— -iz.o? — c. x-d.&cc. \ 

(See Art. 307), in which, if <?, rf, &c. be successively 
substituted for a?, the results are + , — , &c. thereföre 
there are possible roots in this latter equation which lie 
between c, d^ &c. or this equation contains at least, as 
many possible roots, wanting one, as the original 
equation. It may contain raore. 

(360.) Cor. 

* This is the liniitiDg equation mentioned Art. 307 ; the pro- 
position is not necessarily true of the other limiting equatiooS| 
(Art! 314.) 
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(36o.) Cor. l. Hence it foUows, that^there are, at 
least, as many impossible roots in the original equation 
as in the equation of limits. There may be more ; 
therefore from the number of impossible roots in the 
limiting equation, we cannot determine, exactly» the 
number in the original equation. 

(361.) Cor. 2. Hence also it appears, that if the 
possible roots of the limiting equation be substituted 
luccessively in the original equation, we know from. the 
signs of the results, what possible roots the latter con- 
tains. For, roots of the limiting equation He between 
the possible roots of the proposed equation (Art. 359.) 

Ex. Let a?"+3-a«+V+pM''+^=0. 

Itslimitingequationis/i-t-3.x*'+*- 3a'' + ^o? = ; whose 

1 



possible roots, whennis an odd number, äre - 



1 

2 



w+3 



xa» 



Of and 



i 



"^^ X a; which substituted in the original 

equation give the results either — , 4-j -, or +, +, 
+ ; therefore it has either four possible roots or none* 
When n is even, the possible roots of the limiting 



equation are and 



1 



"^^xa; therefore the equation 
w+3 ^ 

itself will have one possible root or thrce, aceording iEts 



2 



"■•"^ X a, when substituted for x, gives a positive 
n+3 

or a negative result. 

(362.) The roots of a quadratic equation are im- 
possible, if the Square of the middle term be less than 
four times the product of the extremes. 



Let aar*+ix+c = 0; then 0? = 



_ -h±^ b^ - 4a 



c 



Qu 

which 
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ti^ich expresiion becomes hnpossible wheii ¥ i« less 
than 4a*c. 

(363.) It appears from Art. 36o^ that there are 
impossible roots in an equation, whenever there are 
impossible roots in it's limiting equation. In the same 
manner^ if the next limit be taken^ there are impossible 
roots in the original equation, whenever there are 
impossible roots in this limit ; and if the Umit be thus 
brought down to a quadratic, when the roots of the 
quadratic are impossible, there are impossible roots in 
the original equation corresponding tothem. On this 
principle is founded Sir I . Newton's rule for discover- 
ing impossible roots in any equation. 

Let the proposed equation be j?"— j»^?""*. . . . + 
2>aj»-»^+«-.Jg:a?»-»^ + jPx"-^-' -&c.=0. To obtain a 
limiting equation, which shall be a quadratic« corre- 
sponding to the terms DaT"''^^ - EotT'"' + Faf "*^"S let 
the succeeding terms be taken away, by multiplying 
by the terms of the arithmetical progressions n, » — 1, 
w — 2,. • . .2, 1, O; n— 1, w— 2,, . . .2, 1, 0; w — 2, 
n~3, . . . ,2, 1, O; &c." änd let the preceding terms 
be taken away, by multiplying by the terms of the 

progressiqi^s, O, 1, 2,. . . .r+ 1 ; O, 1, 2, r; &c. 

as follows ; 



aj* 
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e 

n 



I 



I 

«1 



+ 
I 

+ 






i. •* "^ 

I I I 
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«« k «> 
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8 « 8 



ei F4 
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yr CO 






i I 



e«5 « 



+ . ' . . - 

J* C i. « « eo 



r « w" V 

1) I I I 

^ R 8 « 

+ 

I i^ C« e<5 

1j I I I 
A, 8 8 S 
I 

* -»'s 

^ 8 8 8 08 



•* «N •* 

C< f^ O 



^ Q 



O 



+ 

+ 

I 

8 

ci 

I 

t« 

I 

8 



I 
8 

+ 



The respective products being taken, and those quanti- 
ties left out which are found in every product, we ob- 

tain a limiting quadratic w — r + l.»~ r.Dx*— 2.n— -r. 

rEx+r + l.rF=0, corresponding to the three terms 
Dx—'^+'-iJx^-^+Fx»"'-"'; and if two roots of this 

quadratic be impossible, that is, if »~rl*xr*^' be 

less 
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less than n - r + 1 . w - r . r + 1 . rDF (Art. 302), or 

' E^ less than Di^, there are impossible 

roots in the proposed equalion,corresponding to them*. 

Write down therefore a series of fractions -, -^ — , 

l' 2 ' 

«-2 w-r-i-l n-'-r ,. ., u ^ ,. , 

9 — -— ; divide each traction bv 

r i'+l ^ 

n—\ 

2n ' 



• • • • 



that which precedes it, and place the results, 



n-2.2 n—r.r . ,. 

, over the succeedmg terms 



I • • • • 



«—1.3 n-r + l.r+1 

of the equation, beginning with the second ; also, 
place the sign + under the first and last terms, and 
under every other term + or — , according as the 
Square of that term multiplied by the fraction which 
Stands over it, is greater or less than the product of 
the adjacent terms ; then there will be as many 
impossible roots in the equation as there are changes 
of these signs from + to — and from — to + . 

Ex. Let the proposed equation be oi^ — 4x*-^4x 
^6 = 0. 

In the series of fractions -, -, ;-, if each term be 

1 2' 3 

1 1 
divided by that which precedes it, we obtain -, -, to 

3 3 

be placed over the terms of the equation ; 

+ + - ' + 

and 



* See Art. 315. 
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and smce — — , or —^ is greater than 4x1, the sign 

4* 
•f mu8t be placed under the second term ; but — , 

3 

iß 
or — , is less than — 4 x — 6, or 24, therefore the sign 

— must be placed under the third term ; and -jr 
being placed under the first and last terms, there are 
two changes of signs ; therefore the equation contains 
two impossible roots. 



SCHOLIUM. 

(364.) The discovery of the number of impossible 
roots in an equation has given great trouble to Alge- 
braists, and their researches, hitherto, have not been 
attended with any great success. In a cubic equation 
ar^ — yx -f r = O two roots are impossible or not, 

according as 7^ is positive or negative (Art. 331). 

A biquadratic, af^+qx^+rx+s=iOf has two impossible 
roots, when two roots of the equationy' -f 2qt/^+ q^ - 4s. y 
— r* = 0, are impossible ; and all it's roots are impos- 
sible, when the roots of this cubic are all possible and 
two of them negative (Art. 333). 

(365. ) Dr. Waring has given a ruie for determining 
the number of impossible roots in an equation of five 
dimensions, but the investigation cannot properly 
be introduced into an elementary treatise. See Med, 
Algebraicce, p. 82. 

(366.) Sir 
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(366.) Sir I. Newton's rule (iAjpt.363) is generaland 
easily applied, but äs it is deduced from the nature of 
Üie inferior limits^ it will not always deteet iippossible 
roots (Art. 366). The proof also is defective, as it 
does not extend to that part of the rule whidi re- 
spects the number of impossible roots. Thus far 
however it may be depended upoo, that it i^ver 
sfaews impossible roots^ but when there are some such 
in tbe proposed equation. 

Many other rules^ which will frequently diseover 
the impossible roots in any equation^ may be seen in 
the Med. Alg. C. 2. 
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ON ÜNLIMITED PROBLEMS. 

(367.) When there are more unknown quantities 
than independent equations^ the number of cor- 
responding values which those qnantities admit^ is 
indefinite (Art. 145). This number may be lessened, 
by rejecting all the values which are not integers ; 
it may be farther lessened, by rejecting all the negative 
values ; and still farther, by rejecting all values which 
are not square, or cube numbers ; &c. By restrictions 
of this kind, the number of answers may be confined 
within definite limits. 

(368.) If a simple equation express the relcUion qf 
two unknown quantities, and their corresponding in- 
tegral values be required ; divide the whole equation 
hy the coeffident which is the less of the tioo, and 
suppo^e that part cf the quotient, which is in ajrac- 
tionalform, equal to some whole number ; thus a new 

simple 
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simple equation is obtained, with wkich we may pro- 
ceed as before ; let the Operation he repeatedy tili the 
coefficient qfone of tue unknown quantities is unity^ 
and the coefficient of the other a whole rtumher ; then 
an integral value of the former may he ohtained hy 
suhstituting O, or any whole numher for the other ; 
andjrom the preceding equationsy integral values of 
the quantities proposed m^y hefound. 



Ex. 1. 

Let 6a: + 7y=29; to find the corresponding in- 
tegral values of x and y. 

Dividing the whole equation by 5, the less coef- 
ficient, 

2y 4 

4 — 2y 
or zc = 6 - y + — — ^ . 

Assume — —^ =/?, or 4 — 2^ = 6/? 

5 

then 2 — y = 2j» + ^ 

y = 2 - 2;i - I 

let p = 2*, then y =2- ös, and x ^b-^-y + p 

= 3 + 5* + 2^ = 3 + 7^. 

If ^ = O, then a: = 3 and y = 2, the only positive whole 
numbers which answer the condition of the equation ; 
forif« = l, then a?= 10, andy= -3; andif^ss— 1, 
then a?= - 4, and y = 7- 

Ex. 2. 
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Ex. 2. 

To find a number which being divided by 3, 4, ö, 
the remainders are 2, 3, 4, respectiyely. 

Lei X be the number, 
then — T — = i>, a whole number, 

OT x = 3p+ 2 ; also, from the second condition> 

X " 3 3» — 1 ,| , 
^ or -^ = 9> a whole number, 

4 4 

that is, 3p - 1 = 45 

^y + 1 
orp = j+i-^— ; 

Q' + 1 
let -2— — = r, or 5 = 3r - 1, 

then p = 4r - 1, and j? = 3p + 2 = 12r — 1 ; 

again, from the third condition, — - — or is 

• 5 5 

2f* 

a whole number, that is, 2r+ -r- - 1 i» a whole num- 

5 

ber, therefore --- is a whole num~ber ; let --- = 2 m ; 

5 -5 

then r = 5m, and j?;=12r— l=6om— 1 ; ifmrsl, a? = 

59 ; if m = 2, J7 = 1 19 ; &C. 

(369.) If the simple equation contain moieunkiiown^ 
quantities, their corresponding intQgral .values may be 
found in the same manner. 



Ex. 3^ ^ 

Let 4j?4-3y + 10 = Sv; to find corresponding 
integral values of x, y and v, . -.. . ._. 

Dividing 
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b)a(p 
Let b be contained in a, p times^ with xj/ 



a remainder c ; again, let c be contained 

in 6, 9 times, with a remainder d, and d)c(r 

so on ; then v\e have 



e&c. 



a ^ pb + c 
b = qc + d 
c = 7'd + e 
&c. 
a c ' c 

= P + -hi 

1 
= P-^— d- 



-P+ i 



'■ + 1 



&c. 



that IS, j = p 4- 



• g' 4- 



r+ ■ 



J? + &c. 



(372.) Cor. 1. An approximation may thus be 
made to the value of a fraction whose numerator and 
denominator are in too high terms, and the fartherthe 
division is continued, the nearer will the approxima- 
tion be to the true value. 

(373.) Cor. 
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(373.) Cor. 2. This approximation is alteriiately 
less and greater than the true value, Thus |^ is less 

than ^ ; and j» + - is greater, because a part pf the de- 
nominator of the fraction is omitted : g + - is too great 

for the denominator, therefore p -1 is less than 

^ r 
g;&c. 

• ■ • « 

Ex. Tö find a fraction which shall be nearly equal to 
3»ll^, and in lower terms. 

100000 

100000)314159(3 
300000 



14159)100000(7 

99113 



887)14159(15 
887 



6289 
4435 



854)887(1 
854 



33 &C. 

Here, />=d,.9s:7»r=15,«a:l4&c. therefore ^f^^^ 

I 
= 3 + r~ 

7 + : — > 

' ^ 15 + &c. 

The 

O 3 
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the variable quantity, it's. magnitude, when the nume-- 
rator and denominator vanish, increased by anotfaer 
variable quantity ; then suppose this latter to decrease 
without limit^ and the value of the proposed fraction 
will be known. 

Ex. 1. Reöuired the value of -, when jrssa. 

• Let x=^a'\'V^ and the fraction becomes 



a + v-a V 

or xs^üf the value is 2 a. 



= 2a + v, and when t;=0. 



Ex. 2. Required the value of ' 

1— x| 

when x=l. 

Let x= 1 + Vj and the fraction becomes 

l-?i+l.l+t;l +w. l+vl 

- ' ^— 



• — TT t . i ^~ 1 2 . w— 1 w— 2 ^ ^ 

1 — w + 1 X i+nr + w.— —-!;*+ w.—- t;®+&c. 

2 2 3 



-V ~ ^ + 



^^ . . n n- l 1 



wxl+w+l,t; + w + l.-t;*+/i4-l.-. ^ + &c. 

^ 2 3. 



v* 



w4- 1 , w + l.w.n— 1 « , , 

w.— — I r ^ — v-f&c. and when i;==o, or 

a?= 1, the fraction becomes n . . 

2 

(377-) To ßnd the least common multiple of two 
quantities ; or the least quantity which is divisible hy 
each of tliem without remainder. 

The 
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The piüdaict of the two qüantities divided by their 
greatert common, measure^ is their least common 
multiple. . "" 

Let a and h be the two qüantities^ x their greatest 
common measure, 'm ^heir least common multiple, 
and let m contain a, p times^ and h, q times ; that is^ 

let m=ipazsqb; tben r=2 ; and since m is thV least 
possible, p and q are the least possibfe ; therefore ^ 

- Jr 

is the fraction r in it's lowest terms, and consequently 

a . ^ ab ' ^ 

5' = -; nence, VI ^qb=s — . . 

Ex. What is the leäst common multiple of 16 and 
12? 

Their greatest common measure is 6 ; therefore their 

12x 18 
least common multiple is — -tj — =36. 

. ■** 
(378.) Every other cocnmon multiple. ö£ a and 6is 

a multiple of m; 

Let n be any other common multiple öf the two 
quäntities ; and, if possible, let m be contained in li, 
r times, with a remainder 5, which is less than m ; 
thenn-rm=^; and since a and 6 measure n and 
rm, they measure n-^rmj or s (Art. 9I); that is, 
they have a common multiple less than m^ which is 
contrary to the supposition. 

(379.) Toßnd the least common multiple qftkr&e 

quäntities a, b and c, take ra the least common mul- 
tiple 
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I 

tqfle ofvLWudby andn theleaU cmMiummMphrifm 
andti then nis tke hast eommim nmWf l k wuglit. 

For eveiy common multiple of a and & is a mül* 
tiple of m (Art. 3/8) ; therefore efoy cmübob iMJlti* 
jrie of üj h and c i« a jmdti]^ of m and € ; also^ evierjr 
multiple of 9» and c is a multiple of «^ 6 and c ; .qqa- 
aequently the least common multiple of m and c is the 
least common multiple of 4^^ h and c. 

(360.) Three quantities are said to'be in harmonical 
Proportion, when the first is to the third^ as the diffibr- 
ence of the first and second is to the difierence of the 
second and third. 

Any magnitudes Ay B, C^ D, E, &c. «re said to 
be in harmonieal progression, i£ A i C :: A-^B : 
JB-C; B.DiiB^CiC-'D; CiEv.C^D: 
D'-'Ei &c. 

(381.) The reciprocaU qf quantUies m hmtttiamcal 
prpgression are in artthmetical progression. 

Let A, Bf C, &c. be in harmonical progression ; 
then AiC.iA^B'.B-C; therefore AB-AC== 
AC—BC, and dividing both sides by ABC, 
1 _ 1 1 1 

c' 'b^b'^I' 

Again, BiDv.B-CiC-D; therefore^C- BD 
^DB-^DC, and dividing by ÄCD, 4 - i= ^-^ ; 

.and -r^- -js has been proved equal to tj— -j; tlierdbre 

ihe quantities --r, j^ --, -^, &c. have a common cbfl^- 

ence^ that is^ they are in arithmettcal progression« 

Required 
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{363.) Bequired the cube root -of the binomial a^ 

then C^a -VTr^ =;c - ,,/Zy (Art. 25T) ; 
by muU. ^a*+b^=x*+j/^s:m^ hy Substitution ; 
therefore y'ssm— x^; also from the first equation^ 

y* ^/-y*; therefore by Art. 253, a?* - 3a?y* = « ; or sub- 
ttituting for y' it*s viiiie m^^^ x^-*3mx+3;i^tta, 
tbfttis, 4«^-3mx-aa0^ t eofaac equation, wboie 
roots, which are all possible^ mäy be found by approxi* 
matioQ, or by a method which will be given in a foUbw- 
ing part of the work (Art. 515); hence, y, and 

eonsequently x + ,J -y*, the root required^ may be 
determined. 

In the same mannerit appeats^that thec^ root may 
be extracted by the Solution of an equation of c dimen- 
sions. 



ON LOGARITHMS. 

« 

(383.) If there be a series of magnitudes a^, a'^ tt, cfi^ 
...€f\ a""*, a*"*, a**',. . . . a'^y, the indices, 0, 1, 2, 3, 

...X; —1, —2, —3...... -y, are called the mea- 

sures of the ratios of those magnitudes to 1, or the 
loganthms of the magnitudes, for.the reason assigned 
Art 165. Thus, Xf the logarithm of any number c^ is 
such a quantity^ that 0^ = 0. 

Here a may be assumed at pleasure ; and ibr every 
diflferent value so assumed^ a different System of loga- 
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rithms will be formed. In the common tabularloga- 
rithms^ a is 10^ and consequently O^ 1> 2^ 3,. . . . x^ 
are the logarithms of 1, 10, 100, 1000^ 1^'. 

(384.), Cor. 1. Since the tabular logarithm of 10 
is 1, the logarithm of a number between 1 and 10 is 
less than 1 ; and in the same manner, the logarithm 
of a number between 10 and 100, is between 1 and 2; 
of a number between 100 and 1000, is between 2 
and 3 ; &c. 

These logarithms are also real qnantities, to which 
approximation, sufficiently accurate for all practical 
purposes, may be made. 

Thus, if a? be the logarithm of 5, then To]* = 5 ; 



2 , 

let - be substituted for or, and 1 0*^ is found to be less 

2 
than 6, therefore - is less than the logarithm of 6 ; 

A . 3 . 

but 10* is greater than 5, or - is greater than the 

logarithm of 5 ; thus it appears tbat there is a value 

2 3 

of X between - and •-, such that 10| *" = 5 ; the value 

3 4 

set down in the tables is .69897, and lol'^^^^^^S^ 
nearly. 

(385.) Cor. 2. If quantities be in geometncal pro- 
gression, a*, d^, a'% &c. their logarithms, x, 2x, 3x, &c. 
are in arithmetical progression. 

The method of finding the logarithms of the natural 
numbers, or forming a . table, is e:^plained in the 
Doctrine of Fluxions. 

(386.) The sunt qfthe logarithms qftwo nunwers 
is the logarithm of their product ; and the difference 
of the logarithms is the logarithm of their quotient. 

Let 
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Let J7=Iog. of c, and y = log. pf d; then a^=c 
and a^ = d; hence^ a^ +y = rfc, and a*"^ = -% ; or ä? -f y is 

the log. of rfc, and x-t/ the log. of ^ 

Ex. 1. Log. of 3 X 7 =log. of 3 +log. of 7» 

Ex. 2. Log. ofpqr = log. of j»y +log. of r =log, of 
p + log. of 5 + log. of r . 

Ex. 3. Log. of - = log. of 5 — log. of 7* 

(3870 Ifthe log. of a number he multiplied hy n, 
the product is the log. of that number raised to the 
n* power. 

Let d be the number whose log. is j?, or a* = rf; 
then a^^d^i that is, nx is the log. of rf". 

Exs. Log. of in^ = öxlog. 13. Log. i*=2>c 
log. h. 

(388.) Ifthe log. of a number be dividedln/n, the 
quotient is the log. of the vl^ root. of tlpat number. 



' ^ X . 



Let o^^d. then a" =s rf", or - is the los. did^. . 

Ex. Log. of 5* = - X log. of 5. ; 

(389.) The Utility of a table of logarithjiis in arith- 
metical calculations will from hence be manifest ; the 
multiplication and division of numbors being per- 
formed by the addition and subtraction df these arti- 
ficial representatives ; and the involution ör evohition 
of numbers, by multiplying or dividing their loga- 
rithms by the indices of the powers or roots ^required. 

Ex. 
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Ex. Let the Taloe of ^TTI/Txi/fht reqtilred. 
Log. of 7 s ^45098 

>log. of3=s.i50öl5 

1 

; log. of 3s, 1590404 

3 



5)1.1546534 ram 



.2309306 = log. of I.70I88 &c. the 
value required. 



ON INTEREST AND ANNÜITIES. 

(390.) Interest is the consideration paid for the um 
or forbearance of the payment of money. The rate 
df interest is the consideration paid for the use of a 
certain sum for a certain time, as of <£l. for one year. 

When the interest of the principal alone, or sum 
lent, is taken^ it is calied simple interest ; but if the 
interest, as soon as it becomes due^ be codsidered as 
principal, and interest be charged upon the whole^ it 
is calied Compound interest. 

The amount is the whole sum due at the end of any 
time^ interest and principal together. 

Discount is the abatement made for the payment of 
money before it becomes due. 

(391.) Toßnd the amount ofa given sum, in any 
time, at simple interest. 

Let P be the principal, 

r, the imiientt of one poimd for one year, 

n, the 
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n, tfae time for which the interest is tä be 

M^ theamount. 

Then since the interest of a given ium, at a givea 
rate^ must t3e proportional to the time^ 1 (year) : n 
(years) :: r : isr the interest of^ 1 . for n ye«^; andtb« 
interest of P£^ must he P times as great, ornrP; 
tberefoi^ the amoitnt MmP+nrP. 

(393.) In this simple equation^ any three of the 
quantities P, n^ r, M being given» the foarth may be 

foufid; thos, JF^a= ' ■ ■ ■ ■ . 

Ex« What stim tnnst be paiel down to reeeive £ 6oo. 
at the end of nme tnonths, allowing 5 per eent dis-^ 
ciMint ? Or, which is the same thing, what prineip«! 
jP will in nine montbs be equivalent, or amouat to 
£600.f allowing 5 per cent. interest? 

3 5 

In this case^ ilf=6oo, n= - = .75, ^=72S=*05; 

hence, P = — 7 — = . JÜ^ - ^. ==578.313 &c. £. 

(393.) Toßndtheamountqfanannuitt/yOrpension 
left unpaid anjf namher of years ^ allomng simple 
inter^t upon each sum or pensionjirom the tiiw it 
becomes due. 

Let 4 he the annuity ; then at the end of the first 
year^ A becoipes due, and at the end of the second 
year, the intere&t of the first annuity is rA (Ari.391); 
at the end of this year, the principal becomes iA^ 
therefore the interest due at the end of the thtrd year ig 

irAi 
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2rAz inthe same manner, the interest dueat theend 
of the fourtb year is 3rA; &c. hence, the whole interest 



n-1 



is rA+2rA+3rA + w- l.rAz=:n. rA 

.... 2 

(Art. 212); and the sum pf the anAuities is nA; 

w— 1 
therefore the whole amoünt MssnA-^n. — - — rA. 

2 

(394.) Required thepresent valM ofan armuitjf to 
contmue a certain numher of years^ aUotoing simple 
interest for the money. 

Let P be the present value ; then if jP, and the an- 
nuity, at the same rate of interest, amount to the 
same sum; they are upon the whole of equal value. 
The amount of P, in n years, is P + nrP (Art, 391) ; 
and the amount of the anhuity in the same time is nA 

W-" 1 W— — 1 
+ «. — -t-tA ; thereforeP -♦■ nrP =s nA + «. r^^and 



nA+n. — — - rA 



P= 



1 +nr 



(395.) In this equation any three of the four 
quantities P, A, n, r being given^ the other may be 
found. 

nA 

(396.) Cor. Let n be infinite^ then P = — - an in- 

finite quantity ; therefore for a finite annuity to con- 
tinue for ever» an infinite sum ougbt, according to 
this calculation^ to be paid ; a conclusion which 
shews the necessity of estimating the value of an 
annuity. upon difierent principles. 

(397.) To 
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(397«) Toßnd the amount qfagiven sum at Com- 
pound ifderest. 

Let R=£\. together with it's interest for ayeaf ; 
then at the end of the first year, R becömes the 
principal, orsumdue; therefore * ^ 

1 : iJ :: i? : Ä*, the amount in two years ; 

1 : Ä :: if : i?^, the amount in three years ; &e. 
in the same manner, R'^\% the amount in n years; 
and if P be the principal^ the amount must be P times 
as great, or PÄ'* = M. 

' M 
(398.) CöR.l. From this equation we haye P = ^. 

Ex. What sum must be paid down to reeeive ^600. 
al the end of three years, allowing 5 per cent. per ann. 
Compound interest ; 

In this case, i{ = 1 .05, n = 3, il/= 6oo ; and con- 
sequently ^ = 5:1 - =^5 - 5 18.302^. 

(399.) CoR;, 2. If P, R and Mbe given to find w, we 
have log. P + »x log. /t=log. M\ and n= 
log,Jlf-log,P 
log.Ä • 

(400.) To find the amount ofan annuity in any 
number of years, at Compound interest. 

Let A be the annuity, or sum due at the end of the 
first year ; then 1 \ R\\ Ai RAy it*s amount at the 
end of the second year ; therefore A+RA is Öie süm 
due at the end of the second year ; in the same man- 
ner, 1 : R :: 1 + Äx A : Ä + lPx A, the amount of 

the 
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tbe two paynaents at the end of the tbini year ; and 
T+R+TFx A is the whole sum due at the «nd of the 
third year ; in the same manner, 1 +Ä-h JP. . * + Ä*"' 
xA\^ tbe som due at the end of n yeara, thait is^ 

^lpi.x^ = ilf (Art 222). 

(401.) Cor. In this equation^ any three of the 
qnantities being given^ the fovirth may be fe«ind. 

(402.) To fiiid the present value of tut annuity to 
be paidjbr n years, allowing Compound interest. 

Let P be the present value, A the annuity ; then 

-R* — 1 

since PÄ* is tbe amount of P in n years, and -g — — < 

X A, the amount of A in the saue time ; by the 

J?" — 1 Ä'* ^ 

quesdon^ PR* = ^^ x A, and P » j^_ x A. 

(403.) Cor. 1. Any three of the quantities P, A, R, 
n being given, the fourth may be found. 

(404.) Cor. 2. If the number of year9 b& infinite^ 

1 . A 

Ä* is infinite, and -^^ vanishes; therefore P= ^.^ ^ 

Ex. If the aimual rent of « (reehold estate be «£ l.j 
what is it*9 value^ allowing i} per cent Compound 
interest ? 

In thi« oafle, A=: I, A— t =5 jOS ; therefore the pre- 
sent value 'P='-7rr=^^S0«i or 30 years purchase. 

(405.) Cor. 
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(405.) Cor. 3. The present value of an annuity^ 
to commence at the expiratiön of jp years, and to con- 
tinue q years, is the difference between it's present 
value for p+q years, and ifs present value for p 
years. 

Ex. What is the present value of an annuity of jß 1 ., 
for 14 years, to commence ät the expiratiön of 7 years, 
allowing 5 per cent. Compound interest ? 

i .05 1*' — 1 
The present value for 21 years=:r= ' . ' = 

•^ 1.051*' X .05 

12.82£.; and the present value for 7 years s 

^l = 5.79<£. ; hence, the value of the an- 

1 .05]^ X .05 ^ 

nuity for 14 years after the expiratiön of 7> is J.OSJ^ 
nearly. » 
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(406.) The method of determining the present value 
of an annuity at simple interest, given in Art. 394, has 
been decried by several etninent Arithmeticians, and 
in it's stead, a ^ution of the question has been pro- 
posed upon the following principle; '' If the present 
value of each payment be determined separately, the 
sum of these values must be the value of the whole 
annuity.*' 

Let X be the value or price paid down for the an- 
nuity, a the yearly payroent, n the number of years 
for which it is to be paid, r the interest of <£ 1. for one 

year. The present value of the first payment is •- 

P t (Art'. 
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(Art. 392)9 the present value of the second payment, 
or of a ^. to be paid at the end of two years, is -j — — , 

and so on ; therefore x = 4- 



• • • • 



1+r l+2r l+nr 

(407.) These diflferent conclusions arise from a cir- 
cumstance which the Opponents seem not to have 
attended to. According to the former Solution, no 
part of the interest of the price paid down is em- 
ployed in paying the annuity, tili the principal is 
exhausted. 

Let the annuity be always paid out of the prin* 
cipal 07 as long as it lasts, and afterwards out of the 
interest which has accrued ; then x, o? — a, x-2a, 
x — Sa, &c. are the sums in hand^ during the first, 
second, third, fourth, &c. years, the interest arising 

from which, rx, rx - ra, rx — 2ra, rx— 3ra, &c. that 

' — 

is, the whole interest, iswro:- 1 + 2 + 3. ...w- 1 x ra, 

or, n ri? - w.^ r a, which, together with the principal 

Xy is equal to the sum of all the annuities; therefore 

na+n.—x — ra 
w— 1 j 2 

2 * l+nr 

(Art. 394)- 

According to the other calculation, part of the in- 
terest, as it arises, is employed in paying the annuity, 
but not the whole. Thus, the first payment is made 
by a part of the principal, and the interest ofthat part, 
which together amount to the annuity ; and the other 
payments are made in the same manuer ; this is, in 

efiect. 
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eßectj tllowing interest upon that part of the whole 
Hiterest which is incorporated with Üie prindpal. 
Acoording to either calculation^ the sdler has tbe 
advantage, since the whole, or a part of the intetest 
will remain at his disposal tili the last annuity is paid 
off. 

If the whole interest, as it arises^ be incorporated 
with the principal^ and employed in paying the an- 
nuity, Compound interest is, in eflfect, allowed upon 
the whole. Let x be the price paid for the annuity, n 
the number of years for which it is granted, and R = l£. 
together with if s interest for one year. Then x in 
one year amounts to Rx, out of which the annuity 
being paid, Rx-^a is the sum in band at the end of 
the first year; B?x- Ra\% the amount of this sum at 
the end of the second year, therefore R^x-^Ra - a is 
the sum in band at the end of the second year; in the 
same manner,^Ä'*a? — Ä^-'a — Ä^-^a. . . . — « is the sum 
left, after paying the last annuity, which ought to be 
nothing; therefore Ä'"x=Ä*-"a + Ä'*~*a +a=s 

R'^a-a j ^R^a-^a ..^ ^^. 
— = , andx=— — ,^ (Art. 402). 



ON THE SUMMATION OF SERIES. 

(408.) We have before seen the method of deter- 
mining the sums of quantities in arithmetical and 
geometrical progression, but wben the terms increase 
pr ^ecrease according to other laws, ditibrent artifices 
must be uaed to obtain general expressions ibr their 

sums. 

F« Tha 
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The roethods chiefly adopted^ and which may be 
considered as belonging to Algebra^ are^ 1 . The method 
of sabtraction, 2. The summation of recurring series, 
by the scale of relation. 3. The DifTerential method. 
4. The method of Increments. 

(409.) The ifwestigation of series whose sums are 
known hy subtraction. 

Ex. 1. 

Let 1+^ + J + i +&C. in inf.=Ä 
2 3 4 

I 

theni + i + ^ + i + &c. in inf. = 5- 1 

2 3 4 5 



1 1 1 ' 

by subtraction, - — + r-r + :; 1- &c. in inf. = 1 . 

•^ ^ 1.2 2.3 3.4 

Ex. 2. 

Let l-- + ^-i+&c. ininf. = 5 

2 3 4 

then — r + ;:"" 7 + r — &c. in inf. = Ä — ^ 1 
2 3 4 5 

3579 
by subtraction, -— - - — - + ---7 — rr+&c. in inf. = 1 . 

^ 1.2 2.3 3.4 4.5 

Ex. 3. 

Letl+\ + l + ] + &cc. ininf.^S 

2 3 4 

then -+-+-+^+&c. ininf.ÄÄ— - 
3456 2 

by subt. rT+x-r"*":rT+-r2J + &c. in inf. = - 

^ 1.3 2.4 3.5 4.6 2 



^'•t!3+^-*-3!5+o+^*^- ^^ ^°^-=!- 



In 
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In thc samc manner^ ifl — "'"q""2"^ ^^* ^^ ^"^* 
a .5, we obtain ^ - jö + j^ - &c. in inf. = -. 

• * - • 

Ex. 4. 

Lct -i-+ ~ +— + &c. in inf. =Ä 

1.2 2.3 3.4 

then — +r— + h&c. in inf.rrÄ- - 

2.3 3.4' 4.Ö ,2 

by subt. :: — •^ + —r—+' + &c. in inf. = - 

^ 1.2.3 2.3.4 3.4.Ö 2 

and + — - — h -— — + &c. in inf. = -. 

1.2.3 2.3.4 3.4.5 4 

Ex. 5. 

Let-i + -i— +— ^+,.,. ^ +— i — :s5' 
m m+r f/i+2r - m+n— l.r m + nr 

^, l j- 1 ^ 1 . 1 o 1 

m+r m+2r m+3r m'\'nr m 

by subt. — + +&C. (to wterms) + =r -^ 

m.m + r .m+r.m + 2r m+nr m 

hence/ — -i — H&c.(to n terms) = — — 



m.m'\'r m+r.m+2r m m+nr 

and — ■ + II +&C. (to?2 terms) = — — 



m.m+r^ m-^r.m + ür* '^'^ ''' wir mr-^rnr^^ 

If n be. increased without ümit, — r vanishes^ 

mv'T'nr 

and the sum of the series is — . 

mr 

. If mar Sil, w«have— - +—-+-- +&C. (to n 

\»2 4i%o o«4 

In 
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In the same manner^ 

m m + r ' m+2r w + n— l.r w + wr 

=-+&c. to » terms=— -h 



m.m+r m+r.fn+2r m m+nr 

Ex. 6. 

Lct — ■■ - + =+&:c. iniBf. = iS' 

m.m+r m + rjn+2r 

then ^ + ^ + &c. = S^ ^ 



m+r.m+2r m+2r.m+3r m.m-^r 

2r 2t ^ 1 

by subt. ■ + — -^ — ^-^ + &c. = — —la 

m.m + r.m'\'2r m4-r.w+2r.m + 3r m.m + 



QP -f- I I 4- &C. = 



m.fn + r.mi-2r m + r.m+2r.m+3r 2rm.m+r 

The sum of n terms of the series, determined as in 

1 1 

the last example, is ■ ■ - . ' ■ ju — .«fe. 

2rm.m+r 2r.m+fnr.m+n+l.r 

in infinitum = - ; and , ^ ■ + -ttt: + &c. to n terms. 

4 1.3^ 3.3.4 ' 



4 9.n+l.n-f2 

Ex. 7. 

(410,) To find the sum of the series Ji + jfM + 

^ ' + &c. in infinitum. 
6.8.10 

ff^n the sum of a series of this kind is required, 

tdke away the last factor out of each denontiriatorj 

and assume the resuüih^ series equal /o S ; and then 

proceed as in thefarmer examples. 

Let 
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N 

and — 7r+ — TT-r + rrr |-&c. in inf.s=--. 

2.4.6 4.6.8 6.8.10^ 32 

ü. 8. 

1 » 



(411.) To find the sum of the sieries ^ + 



m m.m+a 
n.n+a 



m.m+a,m + 2a 
than m. 



+ &c. in infinitum^ wheh n is less 



Lct 1 + — I -|,^ ,1 ■ =r-f&c.ininf.s*y 

m m.m+a •m.m+ajn+2ß 

n , n.n+a n.n+a.n+2a . ^ « , 
»* m.m+a m.m + a.m + 2a 

bysubt. hl + — , ■ i +tic.^l 

tn m^m + a m.m+a.m+2a 

, 1 » n.n+a « 1 

and ■->+>■ + — I i+&c. = — L-., 

m m.m+a m.»i + aj»+2a m— n 

1 2 2.3 

If w = 2, a = l ; then, — + 



m m.JH+l. i».m+l,m + 2 

W — 2 

Ex. 9. 

To find the sum of the series — —==-=== + 

m.m+r.m+2r 

a + 2b a+3b , ^ 



w+r.m+2r.m+3r m + 2r.m+3r.m + 4r 

inflnitum. 

Let 
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Let «=3, 6 = m=r=l; then_|3 + ^ + 

6 . . • ^ 3+2 ö 
+ &C. in ini.= 



3.4.5 1.2.2 4 



1 2 

Leta=0, 6=1, w = l, r=2; then — r— + 



1.3.5 3.5.7 



+ — — -+&C. ininf. = -. 
5.7.9 8 



See Philosophical TransactionSy Vol. Ixxii. page 
389. 

(412.) Similar to the method of subtractioq is 
the foUowing, given b^ De Moivre, Miscel. Anal. 
p. 130. 

Assume a series, whase terms converge to 0, involv- 
ing the powers of an indeterminate quantity x ; call 
the sunt of the series S, and multiply both sides of 
the equation hy a binomialy trinomial, S^c. tvhich in- 
volves the powers qfx and invariable coefficients ; then 
ifxbe so assumed that the binomialj trinomial, ^c. 
may vanish, and some qfthejirst terms be transposed; 
the sum ofthe remaining series is equal to the terms 
so transposed. 



Ex. 1.. 



Let 1 +^ + — + — + &c. in inf. » S. 

^ ö 4 



Multi- 
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Multiplying both sides by x—1, vre have 

ai* a? a;* „ 

""^"23 4 5 



X . jf* a^ 



o'-'+TT+;r^+r7 + &<^-=^-l-'^'* andif ar=l, 

1*4« ^»o o«4 

then,-l+^+^+5L+&c.=:0;or,i5 + ± + 
^-j +&C. in inf.=:l. 



Ex. 2. 



Assume l + -+-- +--4.&C, in inf. = Ä, and mul- 

2 «3 4 

tiply both sides by a:* — 1 ; then 

Um .TP»* 

a 3 



a? x^ a? a^ ^ ^ 
— 1-«-— — --- — — &c. 

2 3 4 5 
0? 2a!^ Sa?* . 3ar* 



Let a;'- 1 =0, then x=l, or - 1 ; if x=l, then 
that is, r^+ij+^ + &c. in inf.=|, 



*°^i3+^+3!5-*-^*^-^»"*^-=!- 



If 



BT MUIOIPLICATIOM. S3& 

If jp = — 1, then 

- 1 + - + + — &€. m mf. = 0, 

^2 1 .3 2.4 3.5 

and + r- &c. in inf. = - • 

1.3 2.4 3.5 4 

Ex. 3. 

Let 1 + 5 "*• T"^!" +^* i"* i"^* "^ ^« ^^^^ multiply 
both sides by 2a? - 1 ; then 

= 0, or 0?= •- • and 

2 

(413.) If botb sides of the equation be multiplied 
by a binomial^ each term of the series obtained will 
have two factors in iCs denominator ; if by a tri- 
nomial^ each term will have three iactors in ifs 
denominator; &c. 

E^. 4. 

Let 1+1 + j + 'J + &c.ininf. = & 

multiply both sides by 2x— 1.x— 1, or2Ä*-3jr+l; 
then^ 

2ä^+~+— +&C.] 

3j?* 3a:^ 3jp* p , . 

•.3«-_ ^ 4 — &c.>=2af»-^3x+ 1.5 

« Ä?* «* dj* 
^^83 4 * -r "•^•^ 

or 
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2 1.3^ 2.3.4^3.4.6^ ^ 

If x= 1, then 1 - - + -— - + — — + &c. =0, and 
^ 2 1.2.3 2.3.4 

5 6.7 o'-nS,^ 1 

+ TT" + ;7"TT +&C. m inf.= - . It j:= - 



1.2.3 2.3.4 • 3.4.Ö 2 2 

'*^'^*-i+r2y-*-2-:3^ 



Ex. 5. 



Let— + + — --- — h&c. iiiinf.s5; 

m m + r m+2r 

multiply both sides by the binomial ax^b; then 

ax - aa^ as^ 



m 
b_J 
tn m 



— + + r — h&c.J 

i^ bx' bx^ , >=:aa?-.*.Ä, 

TT-"" TT &C.1 

+ r m + 2r m+3r y 



J , m + r.a-mb . m + 2r.a-m + r.Ä 

or 1 ■ — xX'\ — I . . xa^-^ 

m m.m+r m + r.m+2r 

&c. = ax—b. S. 

Let ax - 6 = 0, and transpose ; then 

^ m 



m+r.a-mb ^m + 2r.a^m'^r.b , , . . ^ 

Xx-i .. — XÄ?* + &c. mint. 

m.nt + r m+r.ni + 2r 

=— . If the terms of this series can be made to coin- 
m 

cide with the terms of aproposed series, the sum of the 

latter 



/ 
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Istter may be found. Thus, let the sum of the infinite 
3 1,3 1.4 1., , 

In this case, x= - , therefore - - 6=0, or a=d& ; 

3 3 

also, wi=l, r=3, and m +r.a - wi6 = 2, that is, 3a- 6> 

1 3 

or 9^ — 6=2 ; hence, 6 = - , a = - ; and if these values 

4 4 

be substituted in the succeeding te^rms, the general 

series coineides with the proposed one, whose sum is 

therefore — , or - . 
mr 4 

To find the sum of w terms of the series, 

iet — + — ; — H -—-+,.., L- +^ — ; — =Ä* ; 

m m+r m + 2r ^+«-.i.r m+nr 

and proceeding as before, 

m m+r ""w + w— l.r w+«r( 
b hx hx^ 6x" r 

w mi-r m + 2r ''**m+nr J 

b m+r.a—mb . w!+2r.a-m + r.6 .. 

or, ^- + XX + — I — xa^+ 

w m.m + r ni'^r.m+2r 

ai?»+' r o ^u r Jw+r.a— w6 

- = ax — o.Ä; therefore, ■ xx + 



ax" b.S, 



m+nr fn.tn+r 



•» — = — xÄ^ + &c. (to n terms) =ax — A.o 






* * Tbif assumption rendenr the restricCion in De Moirre^f rufe» 
respecting the convergency of the series, unnecestary. 



S3B SUBCMATIOM OF SXKIBS, &C. 

b tU^*^ „ 13,1 

m »i+«r 3 4 4 

. , 2 13 14 1 

the senes becomes _ x - + — x -, + — x -, 

1 

+ &c. the sum of which, to n terms, is - - 



4.1 + 2n.3* 



Ex. 6. 



19 1 . 28 1 , 39 



1 53 1 o • • /• 

^Tg+t5:B^F2+«'^-™»^- 

Because the factors in the denomihators increase 
hy 1, and begin from 1, assume 1 +5+3+^ + 

— +&C. = 5, and multiply both sides hy ax^-bw+c; 

5 

tben^ 

2 3 
, hsi^ bx^ hol* c \ -Za — i D 

2 3 4 6 ^ 

c-26 6a — 36+2C - , 12a— 86+6c . 

20a-l5fe+12c ^ .^ i„f.=ax'-k+c.5i 

^ 3.4.6 
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and since asS -ix+c=:0^ and one value of x is 

1 ' 1 . , 

- , because the powers pf -• are involved in the terms 

of the proposed series, we have - — - + c = ; also, 6a 

— 36+3c=19, and 12a-8i + 6c = 28 ; from which 
three equations it appears that a:=:6y b^f, cs2; and 
if these vatues be substituted in the general series, we 
u « o . 19 1 . 28 1 39 1 , 

52 JL.«, _ 19 1 , 28 ^ 1 ^ 39 

X -7. + &c. = 1. 

lo 

The sum of n terms of this series, determined as in 

4+w 



the last example, is l -*- 



w+l.« + 2.2'*+' 



ON RECÜRRING SERIES. 

(414.) If each succeeding term of a decreasing series 
b^r an invariable relation to a certain number of 
the preceding terms, the sum of the series may be 
found. 

Let a+bx + cx^+ &c. be the proposed series ; call 
it's terms A, B, C, D, &c. and let C^fxB+gx^J, 
DszfxC+gx*B, &c. wherey+^ is denominatttd the 
scaie of relation ; dien, by the «upposition. 
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B = B 

C^fxB+gx'A 

E^fxD+gx'C 
&c. &c. 
and if the whole sum A+B +C+D + &c. in inf. = S, 
we havie, 

SzrzA+B+fxxJ'^+gx'xS, or 
S^fxS'-gx^S=A + B''fxA; therefore, Ä= 
A + B^fxA 

In the same manner, if the scale of relation be 
f-^g-k- &c. to n factors, the sum of the series is 

A+B+C...{n) -fxxA+B....{n''T) - gx^xA + ...{n- 2)ixjc. 

1 — yir -ga?* — hji^....{n+ 1) 

Ex. 1. 

To find the sum of the infinite series 1 -f-3a?+9^* 

+ fXfC. when x is less than - . 
Herey = 3, and the sum = . 

1 ■" ö X 

Ex. 2. 

To find the sum of the infinite series 1 +2ar+3Ä* 
+ 4 .r^ + &c. when x is less than 1 . 

Here, /'=2, g=i - 1, and the sum = r 

= — i— 

If 0? be equal to, or greater than 1, the series is infi- 
nite ; yet we know that it arises fix>m the division of l 

by 1 - x^^ and the sum of w terms may be det^rmined. 

The 
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Th g series after the n first terms becomes w + 1 .a?" + 

« + 2.a:«+^ + »+3.^+*+&c. in whichthe Scale ofrela- 
tion, as before, is 2— 1 ; and therefore the series arises 

from the fraction^+^-^+»+^-^^'-^'^+^-^, or 
l-3a?+a?» ' 

. ; therefore l+2x+34r + &c. to n 

terms = .^ . 

1 — x\ 

If the sign of x be chan^d^ 1 - 2ar+3a)^— &c. to 

n terms = — : — ^ wheie the upper or 

1 + Äj 

Iower sign is to be used^ according as n is an even or 

odd number. 

Ex. 3. 

To find the sum of n terms of the series 1 +3x+ 

Supposey+g* to be thescale of relation ; then^S^^^ 
= ö,and5/+3g = 7; hence,jr=2, and^=— 1 5 and, 
by trial, it appears that the scale of relation is pnK 

I j4 • j u c l+3a?— 2a? l -¥ x 
perly determmed; hence, o = - r- = c==rr. 

After n terms, the series becomes ün + l.x^i- 
2n+3.jf +* + 2 w + 5.x"+* + &c. which arises from the 
^ . 2n+l.x»+2w+3.Ä"+* - 2.2w+l.a?*+^ 

^^^" ^,^^^^ ; or, 

2n+l j:" — 2n— 1 jr"+' • 

1^^ ; hence, 1 +3ar+5a?' + 7a^ + 

1— XI 



«. ^ . ' 1+X— 2fl+l,X" + 2n— l.JF»+* 

&c. to n terms, = >^ . 

1 - x| • 

a Ex. 4. 
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Ex. 4. 

Toflndthe swn of 1 +2jr + 3j?' + 5JC^+8^ + &c. 
in inf. tvhen the series converges. 

In this case the scale of relation is 1 +1^ andconse- 

^, ^. . l-fSx-a? l+x 
quently, the sum is ^ = •- $• 

If X become n^tive, 1 -2a?+3j;*- ör^ + &c, in 



inf.= 



1 +a:— X*' 

Ex. ö. 



To find the sum of n terms of the series n-^l.x 



+ w— 2.x*+w-3.J?^ + &c. 



In the series w— 1.0?+«- 2.x* + w-3.a?^+&c. the 
Scale of relation is 2 - 1 ; therefore ifs sum in inf« is 

n— l.Ä? + w- 2.0?'- 2.n- 1.0^ n — l.a?-wj?* .- 

.^ , or — ,. — . Arter 

n terms, the series becomes — ar" + ' - 2jf + ^— &c. the sum 
of which is found. in the same manner. to be >^; 

therefore w - 1 .j? + n-2jc* + w-3.ä^ + &c. to n terms, 



U ^^"^^ 71-2.3^ „ , ^ . 

Hence^ + .> + &c. to w terms. 

n n 



n.l — j?|* 

Ex. 6. 

1V> find the sum df « terms of the series l*+2'o?+ 

3V + 4V+&C. 

Let 
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Let the scale of relation hef+g + h; thtn, 

9f+ 4g+ h^lß 
16/+ 9^+4Ä=25 
25/+l6g + 9Ä=36. 
From these equatiöns we obtain jr=s3, 5"= -3, 
Ä=l, whicb values, when mibstituted^ prödücc the 
successive terms of the proposed series ; therefore S = 

l-3a?-l-3:c*-x" ' i -xf 

the series in inf. when x is less than 1 . 
After the first n terms, the series becomes «+lf x ^+ 
w+2f xa!'+'+w + 3rxa^+*+&c. which arises from 

the fiaction ^^4?* >« «'+in:il' x ^-' +-^^3]- x ^ -^ 

1 -3a? + 



3,«+'iiv+' - 3.«-f 2rj!^*+3.»+ ir^f^* 



or, 



3 j and conse- 



n+ir^^--2f?^-f-2n- l' x !?•+' + w'ä'"+* 

quently the sum of n. terms of the series is 

On this subject the Reader may consult De 
Moivre's Mise. Analyt. p. 72. And £uler*s AnaljfS. 
Infinit. C. xni. 

ON THE DIFFERENTIAL METHCWD. 

(415.) In any series of quantities a, h^ c^ d^ e^fj 
&c. if each term be taken from tliat which follows 
it, and th^ difierences of these di&rences be taken, 
and so on, the following ranks of difierences will be 
obtained ; 

a2 l*Diff. 
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1*' DiflF. 6-a, C'^hydr-c^ e-d^f-^e^ &c. 
2^ -DifF. c - 26 + a, rf- 2c + 6, e- 2d+c,f- 2e+ d, &c. 
3** DifF. rf~3c-f36-a,6-3£i+3c— i,y*-3e+3rf— c, 

[&c. 
4^Diff. e-4rf+6c-4J+a,/-4c + 6rf-4c+6,&c. 
5'** DifF./- ö.e + lOrf- 10c + 5 i - a, &c. 
&c. &c. 

Hence it appears, that the coefHcients of the quan- 
tities a, b, c, rf, &c. in the first terra of the n^ diflfer- 
ences, are the coefficients of the terms of a binomial 
raised to the n^^ power, and that their signs are alter- 
nately positive and negative; that is, the first term of 

.1 th jiT • T. w— 1 n-ln— 2 

the nr ditierenccs is a-^nb+n.' c— w. — — -■■ ^ 

2 2 3 

rf+&c. or, ^a+nb'-n. c+n.- .— -: — a— &c. 

* 2 2-3 

according as n is an even or an odd numbier. 

Cor. If the n*** difFerenees vanish, the n+l term of 

the original series is + a - nb + n. c — &c. to n 



M» 



W— 1 



terms ; and the w + 2 term is ± 5— wc + n. rf— &c. 

2 

that is, the series recurs^ and the scäle of relation is 

n - n. t-w. .-r-T &c. continued to n terms. 

2 2 3 

(4l6.) LetrfS ^";i <^"> ^% &c, represent the first 

terms in the first, second, third, fourth, &c. Orders of 

difFerenees; then, 

; d^ ='6 — a 

d»=c-2Ä + a 

rf'"=:rf-3c+3i— a 

rf'^=e-4rf+6c-46+a 

&c. 

and 
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cnd by transposition^ 

isa + iT • ' 

c=24— a + rf^'sa+Srf'+rf" 

e=:4rf-6c+4i-a+rf'^=a+4rf'+6£r" + 4rf"*+rf^ 

&c. &c. . > 

from which it is manifest, that the coefficients of a, ^^ 

d", rf'", &c. in the expression for the n+V^ term of 
the series a, hy c, d^ &c. are the coefficients of the 
terms of a binomial raised to the vf^ power ; that is, 

the n+ 1* term of the series is a+wrf*+w,— -— rf" 
+ n. .— — -a"', + &c. 



(4 1 7.) Cor. 1 . The n*** term of the series is a+n — 1 ;d' 



n— 3 ^. 11-2 n-r3 



+ n-l.-;r-rf''+n-l.-— -•— ^rf'" + &c. 

3 4» o 

Ex. 

Requir^d the n* term of the series 1, 3, 5, &c. , 

1, 3, 5, 7 

3, 3, 3 • ' -•- 

0, ' 
Hcre, asl, if «3, d'*=:0'; therefore the W** term 
is 1 + n- 1.2s:2ii- 1. 

(418.) Cor. 2. If the differences at length vaäish, 
the n*** term of the series will be exactly determihed; 
i)Ul: if the cUfFerences dö not vanish, we can only. ap- 
proximate to it ; and the less the difierences becömje, 
when compared with the fbrmer differerices/Üirid ^uh 
n, the nearer will tl\^ approximation be to the true 
yalue of that term. 

(419.) Let 



(419.) Let the proposed säries be o> «, a -f i» d'-f« i 4- A 
a + b+c+d, ioc. theo, 

1" Diff. a, b, Cy d, &a. 
2* lyiff. h — a, c — b, d - b, See. 
3* Diff. d— Si+o, 4?^Se+ft, &C. 
4* Diff. rf-3c+3*-a, &c 
&c 

&c. then the n+l terra of the series, that is, a + 

b+c+d+&cc. to n terms, is na+n. rf'+n.« ^^. 

^ ^ ^ ^ 2 2 

^^^f"+&c. (Art. 416). 

If therefore a, b, c, d, 4*^. he the terms of ämy 

series, v^hoseßrsty second, third, ßge. djfferences are 

represented hf d*, d", d"', ^T^. thesum ofn terms of 

this series is 

n-lj, n-1 n-2.,.. 
na + n.— d + n. ■ . — r— d +&c. 

2 2 3 

Ex. l. 

v 

Required the sum of the series 1 -(- 3 + 5 + 7 + &c. 
Gontinued to n terms. 

1, 3, 5, 7 
2, 3, 2 
0, 

In th is cas e, a=:lj<^ = 2,(2"=:Ö; hetioe, Ibie \\xta 
is n -h n.n - 1 = tt*. 

£x. 2. 
Required tibe sum of the series l* + a*+3*+'**'^ 
iS(C. ooatiaued to n terms. 

1, 4, 9, 16 

3, 5, r 

3, 3 
O 
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Here, Ä=l, d'^3, rf" = 2, d"'=0; therefore the 
. n-1 ^, 92-1 n— 2 ^ w.Ön'+3n+l 
3 ^2 3 1.2.3 



n.nH-l.2n+ 1 
i.2.3 



' Ex. 3. 

To find the sum of the series l^ + 2*+3'+&c. to 
n terms. 

1, 8, 27, 64, 125 
7, 19, 37, 61 

12, 18, 24 
6, 6 
O 

Here, a = 1, rf* = 7, rf" = 1 2, rf'" =6, rf'" = ; there- 
fore the sum ssn+n. x 7 +n. ■ .~ — x 1 2 + 

2 So 



»»■ ■ ' .-— - — . — *-^ X o sc I ' ■ ii = n. • i • 



3 3 4 4 2 

Sometimes the sum may be more readily obtained 
bf beginniog the series with one or more cyphers i 
thus, to find the sum of n terms of tbe series 1^ + 2' 
+3*+ &c. take n+l terms of the series O + 1»+ 2'+ 
3» + &c. 

0, 1, 8, 27, 64 

1, 7, 19, 37 

ß, 12, 18 

6, 6 

« 

o 

Here, asO, rf* = l, if"=6, rf"*=6; and the sum 

of 
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n ^ n + X.n.n — 1 



of %+ 1 terms is n + 1 .- H '- — '-- x 6 4- 

^ 3 ^ 1.2.3 



n+l.n.w— l.w- 2 ^_^w+l.w.2+w+l.w.n- 1.4 + 
1.2.3.4 ^ "" A 



n+l.«.n— l.n-2 n-f-l.n.2 + 4w— 4+»*-3n-h2 



n -f l.n.n*+w n!n+ 1|\ 
4 "" 2 I ' 



The difierential method may also be applied to the 
Interpolation of series^ and the quadrature of curves. 
' See £merson*s Tract on this subject. 



ON THE METHOD OF INGREMENTS. 

(420.) Any variable quantity is calied an integraL 

The magnitiide by which it is increased at one step, 
is calied the increment Thus, 1+2+3 +m= 

m. — - — , and the magnitude by whieh it increases at 

one Step is m+ 1^ which is calied the increment of the 

mtegral m. — - — . 

When the quantity decreases, the increment be- 
comes negative. 

(421.) Iftivo quantities hegin to increase together^ 
and their corresponding increments be always in the 
same ratio, their integralsy or the whole quantities 
generated, will be in that ratio. 

Let 
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Let the corresponding increments be -4, jB, C,.&c. 
and a, 6, c, &c. and let A : a :: B : h :: C : c ^c; 
iimin; ÜienA + B+C+&cc.:a + b + c + icc. ::m:n, 

(Art. 183). 

Cor. When m = w, or the increments are eqüäl^ the 

integrals are also equal. 

• •, * ■ 

(422.) If an integral be represented by the prch 
duct of quantities in arithmetical progression^ as 

m.m+r.m+2r.m4-3r. . . .m+n- l.r, wkere r is 
constanty and m is increased at every step by Vy the 

increment qfthis integral iy n r x m + r.m + 2 r.m + 3 r 
. . . . m + n — 1 . r. 

The first value of the integral is wi.w + r.m + 2 n 
m+3r. . . .m-f-n— l.r, and the succeeding valüe is 

m+r.m + 2r.m+3r.m+4r. m + nr, the diflferencc 

of these values, or the increment of the integral^ is 

^^^■^"^^■^"* ^^"»^^i^^™«^ •■iMM^iMi^i^i^iH^ '^■""^""^TBSSiSBEST"' 

nrxm+r.m + 2r.m+3r. . . .m + n— l.r. - 

(423^) Cor. l . Since an invariable quantity C has 
no increment, the increment of m.m + r.m + 2 r.m +3 r 
. . . .m + w— l.r±Cis also wrx m+r.m + 2r.m+3r 
. . . .m+w— l.r. 

(424.) Cor. 2. Hence, if the increment of an in- 
tegral be represented by nr x m+r.m+2rjn+3 r . . . , 

m+ w — 1 .r, the integral is m.m + r.m-^ 2 r.fn + 3t . . . . 

m+n— l.r± C; wherethe invariable quantity Cmust 
be determined by the nature of the question. 

(425.) Cor. 
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(435.) Cor. 3. Ifthemcreinentbe^xm+r.m+3r. 
m+3r* . • .m + w— l.r, where A b invariable, the 



A 



integral is — *x m.m + r.m+2r . . • . m + n— l*r+ C 
^ nr 

(Art. 431.) 

(436.) I( Ahe the constant increment, and m the 

number of times it has been taken, the integral is 

mA± C. 

(437.) Tojindy therefore^ the integral of any in-' 
erementy let the increment he reduced to the products 
tfarithmeiical progressionakf whose common d^er* 
ence is the quantity by which the variable magfdtude 
is increased at every step, and the integral of eojch 
increment will he found by multiplying it by the 
preceding term in the progression, and dividing it by 
the numher ofterms^ thus increased^ and by the com- 
TMn difference. 

'(438.) The conataut quantity which is to be added 
to, or subtracted from this result, in order to öbtain 
the correct integral, must be determined by the nature 
of the question ; thus, when Xy the integral obtained 
1>y the rüle, is a, süppose the true integral is known 
^ be & ; then stnee or + C is in all cases the integral, 
a + C= bj or C== 5 — a ; therefore the correct integral 
isx+J — a. 

Ex. 1. 

• To find the sum of tiie series 1+24-3 + &c. con* 
tSnued to n terms« 

The fi^ term is n, and the increment of the sum is 

w + 1, whose integral, according to the rule, is — ^ . 

And 
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And this is the correct integral» because wheb i|c= i, 
the 8um ig -l-=i, as it ought to be. 

Ex. 3. 

To find the n* term of the series 5, 9, l6, 2Q, 39, 
jkc. 

Take^he difierences, as in Art. 415, 

5, 9, l6, 26, 39, 
4, 7, 10, 13 
3, 3, 3 
It is manifest that the rf^ term of any order of dif- 
ferences is the increment of the »* term of the pre- 
ceding order ; therefore 3 is the increment of the 
n^ term <^ the first diflferences, and 3 n + C is the n*^ 
term; when n:?:!, 3 + Ca=4, or C=lj hence tl^e 
n^^ term of the first difierences, or the increment of 
the n^ term of the original series, is 3 n + 1 ; conse- 



■ ^m 



quently the vi^ term required is ^ — V^^ C'; 
let w=l, and 1+Ca=5, or C=a4; therefore the n^ 

term is |-n+4. 

Ex. 3. 

To find the sum of the series I* + 3*+3*+&c. 
continued to n terms. 

The increment of this sum is n+l]* s= n.n+T+ n+7, 

j,, . , , . n-l.n.n + l ,n.n-i-l 

and the mtegral, or sum, is + — r— = 



' ; which needs no correction. 

2.3 

Ex. 4. 
To find the tum of the series l*+3*+5*+&c. 
oontinued to n terms. ) 

Tlie 
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The increment of the sum is2»+lV* =34n* + 4w + l 

4.n— l.w.w+i 



= 4n.n+l +1, whose integral is -^ ~ h w; 

which needs no correction. 

Ex, 5. 

To find the sum of n terms of the'series 1' + 2'+33 

+ &C. 



The increment of the sum is w+l|*=w'+3w* + 3n 
+ 1, =w.n+l.»+2 + n4-l, whose integral is 



•i 



4 2 2 ' 

quired ; which needs no correction. 

The following table of ^ßgurate numbers is formed 
by making the n'^ term of each succeeding rank equal 
to the sum of n terms of the pi*eceding. 

!•* Order 1, 1, 1, 1, 1, 1 
2* 1, 2, 3, 4, 5, 6 

3^ 1, 3, 6, 10, 15, 21 

4* 1, 4, 10, 20, 35, 56 

5'** 1, 5, 15, 35, 70,126 

&c. &c. 

Ex. 6. 

To find the sum of n terms of the m^ order of 
figurate numbers. 

The sum of n terms of the 1" order is n ; therefore 
n + l 18 the increment of the sum of n terms of the 2^ 

order, and it's integral, n. , is the n^^ term of the 



W "f* 1 /2 -I- 2 _ 

3*order;consequently- ^ is the n + l term, 

or increment of the sum of n terms, df the 3* order, 

. and 
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and irs integral^ -— , is the sum of n terms 

of the 3^ Order, or the «**" term of the 4^* order ; &c. 

Thus it apjbears that - * ■ ' 1'" is the sum 

> 
which was to be found ; the integrals requiring no 

correction. 

Ex. 7. 

To find the sum* of n terms of the series 1.2+3.3 + 
3.4 + &c. 

The n+l term, or increment of the sum, is n+1. 

w + 2, and consequently the integral, or sum, is 

w.n+l.n-f 2 1.1. ^• 

; wnich needs no correction. 

Ex. 8. 

f 

To find the isum of the n first term^ of a series whose 
w^^'term is ar^ + bn^+ch+d; a, 6, c, rf, being given 
quantities. 

Assume A.n.n + 1 .» + 2 + J5.n.» + 1 + C» + Z) = a.n + 1]* 

+ ft.n+ll* + c.n+l+rf; or 



{ 



and.by equating the coefiicients, A=za; 3A+B=i3a 
.+ ft, or3a+J5=x3a + ft, that is, jBä J ; üA+B-^C 
sB3a + 26+c, or 2a + ft+C=:3a + 26+ c, hence^ €?=■ 
a+b-^-c; also, Z)=a + J+c+rf; therefore the incre- 
'ment of the sum is an.n+1 jn+2+b.n.n+l + «r + A + c.n 

+ a + 6+c+rf, and the integral «-^ ' ' — ^-r 
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^■^^pi 



V 



6.W— l.n.n+1 , a+F+c.n*- l.n >■ . ^ — . — ^^^ 
•*""* " *' u -T-^ r ^-n^-f^^^^-c + a.»; 

which requires no conreetion. 

(429«) Though in generalit is convenimtto rßduce 
an increment to the products of arithmetical progres^ 
sianals, in order to obtcdn ifs integral ; yet if a 
quanUty of any other form can he fouvai^ mhose 
increment coincides with the increment proposed^ this 
quantityy when properbf correetedp is the integral 
(Art. 421). 

Ex. 1. 

To find the sum of n terms of tUe series 5 +6+7 + 
&c. 

Let ^n + J5n'+Cn^+&c. be the sum required; ifs 
increment is A.n+l + B.n + if + C.n+l\^ + &c. — An 
-^ Bn*'^ Cn^ — &c. and the increment of the surri is 
al8on-t-5;therefore^ + 2Bn + B + 3Cn*+3Cw + C+ 
&c.=w+5 ; and by equating the coefficients, C=^0; 

1 9 

2Bzzl, or J5= -; ^ + Ä=:5,or-4=5;benc^thesum 

required is ■ ; which need» no conreetion. 



Ex. 2. 

To find thetmmber of shot ki a {^raaiidal pile upon 
a Square base whose side ia known. 

Let m be the number in one side of the bsfse i Chen i^ 
h the »umber ieontaiiked in thefirstsquore ; also^ since 
onetshot m the next square^ will lie between every two 
in the former^ n— 1 is the number contained in the 

side 
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4 

side of the second Square^ and w— l]* the nnmber in 
that Square^ &c. therefore the number of shot isn*+ 

w-ir + n^*... + 2* + l^; or 1^ + 2« +3*. ^.+ii'. 

Suppose An + Bit + Cn? to be the suna of the series; 

it*s increment is A.n + 1 + B.n + 1]* + C.» + 1]* — An 
— Bn^ — Cv? ; and the increment of the series is also 



. w+Tf ; therefore 

3Cw2+3Q«4-C 

and by equating the coefficients^ 3C=1, or C=-, 

o 

t 

3C+25 = 2, orB=i; C-4-5+v^=l,orj+i + ^ 
= 1, hence Ass^; and the ium of the series is * +~ 

+ _; which requires no correction. If-^n+Bit*+ 

Cn^ + Dn"^ + &c. be assumed fbr the siun öf the series^ 
it is evident^ froni the process, that D^ and the coeffi- 
cient of every succeeding terai, vanishes. 



(430.) If' — ,— L— -^i represent an in- 

m.m+r....m-hn— l.r 

tegralj where r is constant^ and m ina^eases at every 



Mep by v, ifs increment is 



— nr 



ui.n[i+r....m4-nr 



For^ the neiLt Value of the integral is 

:sf, from which if the preceding 



■■#■■■■■ *■*■ 



m^inr.m + 2r.^.iii+ nr 

value 
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.value be taken, the difierence or increment, is 



(43 1 .) Cor. 1 . Hence, if — == — ===== represent 

m.m+r....m+nr 

» 

1 

an incremen t, it's integral is 



(432.) Cor. 2. If the increment be 



m.m +r....m+w— l.r 

A 



the integral is nd x — ■= (Art 421). 

^nr m.m + r...m+n- l.r , 

That is^ if an increment can be reduced to the form 

A 

— =aB= — , it*s integral may be found by re- 

jecting the last term in the denominator^ and dividing 
by the number of terms left, and by the common 
difierence taken negatively. 

This integral must be corrected as in Art. 428. 

Ex. 1. 

To find the sum of m terms of the series [- 

1.2.3 

4- — — r -i- &c. 



2.3.4 3.4.5 

•th 



The m +1 term^ or increment of the sum^ is 

r, whose integral is - — ■ — i -, ==»= + C; 



m-f-l.w+2.m+3 2.m+l.in + 2 

and when m= 1^ the integral is — r-j ; tberefore "J » 

Xa2.d ^.2.3 
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+ C=-i-,andC=-L.+ ^ 



1.2.3' 1.2.3 2.2.3 12 4* 

hence^ the correct integral, or sum required^ is - — 

4 

1 

2.m+i.m+2.' 



Ex. 2. 



To find the sum of n terms of the series +• 

1.2.3.4 



^ +r-4^.+&c. 



2.3.4.5 3.4.5.6 

The w+l*** term, or increment of the sum, is 
2n + 5 2.W+T+3 



w+l.n + 2.w+3.n + 4 w+l.n4-2.n+3.«+4 
2 3 

,. , ■ + ; and tbc 

w + 2.w + 3.n+4 n4-l.n + 2.n+3.w + 4 

integral or sum = ==-= u +C; 

® w + 2.n+3. W + 1.W + 2JI+3 

5 
and when n = l, the sum is ; , ^ . ; therefom 

+ C= — ; nence, C=-r— -=-r— ;r» 

3.4 2,3.4 1.2.3.4' * 1.2.3.4 3* 

and the correct integral, or sum required, is r - 



n+2.w+3 n + l.n + 2.«+3 3 n+lV>+3 

R Ex. 3. 
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Ex. 3. 

1 1 

To find the sum of n terms of the series 1- — 

1.3 2.4 
3.5 4.6 



The increment of the sum is 



n + l.w + 3 



w+2 w+1+1 1 



w+l.w + 2.n+3 W + 1.W + 2.W + 3 n^2.n + ^ 

; therefore the sum is — 

w+l.n + 2.n+3 w + 2 

i-=r + C; letn=l, then -1 L.+c= 



2.n+l.« + 2 3 2.2.3 

Hs • ^^'''^' ^=1 "•" Ä = ^ = 4* *'''* *^^ ^"""^ 

• j • 3 1 ^ 

required is ■7 — — -——-""==7-7 — t-i* 
^ 4 « + 2 2.w+l.n4-2 



Ex. 4. 

1 

To find the sum of n terms of the series — + 

1.3 

3.5 Ö.7 

The increment of the sum is ==s-=== • assume 

2n+l.2w+3 

21; =s 2n + 1, then v increases as fast as ny i. e. it increases 

by 1 at every step; and ====== ±= — •' 

2wH-r.2?*+3 QV4QV + 2 
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=r ^ X f whose integral is l C= -— 

4 v.v+l 4v 4n + 2 

+ C; and when n = 1, we have - ^H- C= -, or C= - ; 
therefore the sum required is — 



2 4w + 2 

They who wish to prosecute this subject farther, 
may consult Dr. Warinjj's Fluxions^ Sterling's Sunp- 
mation ofSeries, and .Emerson s Method qf Incre- 
ments. 



ON CHANCES. 

(433.) Ifan ^ent may take place in n different 
ways^ and each qfthese he equally Itkely to kappen, the 
probability that it tvill take place in a specified way is 

properly represented by -, certainty being represented 

by unify : Or, whlch is the same thing, if the vakte 
qf certainty be unity, the value of the expectation 

that the event will happen in a specified wcy is -. 

For, the sum of all the probabilities is certainty, or 
unity, because the event must take place in some one « 
of the ways, and the probabilities are equal ; therefore 

each of them is -. 

n 

(434.) Cor. If the value of certainty be a^ the value 

of the expectation is -. But in the foUowing articies 

we suppose the value of certainty to be unity. 

R2 (435.) If 



26o 
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(435.) Ifan event may kappen in a waySy andfaH 
in b waysy any of these heing equaUy probable, the 



a 



Chance ofifs happening is r , and the chance qfifs 

a ~i" D 

b 



Jailing is 



a-i-b* 



The chance of it*s happening must^ from the 
nature of the supposition^ be to the chance of it's 
iailingy as a to 6 ; therefore the chance of it's hap- 
pening : chance of it's happening, together with the 
chance of it's failing :: a : a + b; and the event must 
either happen or feil, consequently the chance of it's 
happening together with the chance of it's failing 
is certainty ; hence, the chance of it's happening : 
certainty :: a : a + b; and the chance of it's happening 
_ a 
^a + b' 

. Also, since the chance ^ of it's happening together 
with the chance of it's feiling is certainty, which is 

represented by unity, 1 — r, that is, -—r iß the 

chance of it's failing. 



Ex. 1. 

(436.) The probability of throwing an ace with a 

Single die, in one trial, is g ; the probability of not 

5 - 
throwing an ace is « ; the probability of throwing 



either an ace or a duce, is g ; &c, 



Ex. 2. 
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Ex. 2. 



(437.) If « balls, a, J, c, rf, &c. be thrown promis* 
cuously into a bag^ and a person draw out one of 

them^ the probability that it will be a is - ; the pro- 
bability tfaat it will be either ^ or & is -. 

Ex. 3. 

(438.) The same supposition being made^ if two 
balls be drawn out^ tfae probability that these will be 

a and b is — , . 



W.W— 1 

w ■" 1 • • ' 

For there are n. -— - combinations of n things taken 

two and two together (Art. 230) ; and each of these 
is equally likely to be taken ; therefoje the probability 

that a and b will be taken is -, or , , 

w.^— w.w-1 

Ex. 4. 

(439.) If 6 white and 5 black balls be thrown pro- 
miscuously into a bag^ and a person draw out one of 

them^ the probability that this will be a white ball 

R 
h — ; and the probability that it will be a black hall 

. 5 

"TT- 

(440.) From the Bills of Mortality in difFerent 
places^ tables have been constructed whigh shew 

how 
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how many persons, upon an average, out of a certain 
number born, are left at the end^of each year, to 
the extremity of life. From such tables, the proba- 
bility of the continuance of a life, of any proposed age, 
is known. 

Ex. I. 

(441.) To find the probabUity that an individual of 
a given age will live one year. 

Let A be the number, in the tables, of the given 
age, B the number left at the end of the year ; then 

-2 is the probability that the individual will live one 

year; and — ^ — the probability that he will die in 

that time (Art. 435). In Dr. Halley's Tables, out 

of 586 of the age of 22, 5/9 arrive at the age of 23 ; 

hence, the probability that an individual aged 22 will 

r . 079- 83 , ,7 1 

hve one year i» ^ or - nearly ; and ^, or - 

nearly, is the probability that he will die in that 
time. 

Ex. 2. 

(442.) To Änd the probability that an individual 
of a given age will live any number of years. 

Let A be the number, in the tables, of the given 
age, B, Cf D, . . . X, the number left at the end of 

TD 

1, 2, 3,. . . ./, years 5 then --i-is the probability that 

the 
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c 

the individual will live one year ; -5 the pröbability 

X 

that he will li^ 2 years ; and --- the pröbability that he 

will live t years. Also^ — ^ — , ' , — ^--, are the 
probabilities that he will die in 1, 2, t^ years. 

These conclusions follow immediately from Art. 43 5 . 

(443.) J^twQ events he independent ofeach other, * 
and the pröbability that one vnll happen be — , and 

the pröbability that the other will happen fc - , 

. . 1 

the pröbability that they will both happen is — . 

For, each of the m ways in which the first can happen ^ 
or fail^ may be combined witb each of the n ways 
in which the other can happen or fail, and thus form 
mn combinations^ and there is only one in which . 
both can happen; tl^refore the pröbability that this 

will be the case is — (Art, 433.) 

mn ^ 

(444.) Cor. 1. The pröbability that both do not 

1 tnn ~~ 1 

happen is 1 , or ■ » For, the pröbability . 

^^ mn mn '^ ^ 

that they both happen, together with the pröbability . 
that they do not both happen, is certainty ; therefore 
if from unity, the pröbability that they both happen 

be 
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be subtracted, the remainder is thjS probability that 
they do not both happen. 

(445.) Cor. 2. Tlie probability that they will both 
fail is . For, the probability that the first 

will fail is , and the probability that the second 

m 

will fail is ^ ; therefore the probability that they 



«,:n u *u r -1 • w— l «-1 m— l.n-1 
will both fall IS X , or 



m n mn 

(446.) Cor. 3. The probability that one will happen 

and the other fail is — . For, the probability 

mn 

that the first will happen and the second fall is — x 

•^ * m 

w— 1 

y and the probability that the first will feil and 

the second happen is x -, and the sum of these, 

* * m n 

« 
Wt -^ Tt ^^ ^ 

or -, is the probability that one will happen 

mn 

and the other feil. 



(447.) Cor. 4. If there be any number of independ- 
ent events, and the probabilities of their happening 

be — , -, -, &c. respectively, the probability that they 

will all happen is r — . For, the probability that 

* * mnr &c. * "^ 

the 
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1 

the two first will happen is — , and the profcability 



mn 



that the two first and third will happen is — ■■ — ; and 

^^ mnr 

the same proof may be extended to any number of 

events. When m^n^r &c. the probability is — , u 
being the number of events. 

Ex. 1. 

(448.) Required the probability of throwing an ace 
a,nd then a deuce with one die. 

The chance of throwing an ace is g, and the chance 
of throwing a deuce in the second trial is x ; therefore 
the chance of both happening is -tt. 

Ex. 2. 

(449.) If 6 white and 5 black balls be thrown pro- 
miscuously into a b^ what is the probability that 
a person will draw put first a white^ and then a 
black ball? 

The probability of drawing a white ball first is — 

(Art. 439), and this being done, the probability of 

5 \ 

drawing a black ball, is -— , or -, because there are 5 

white and 6 black balls left ; therefore the probability 

...6^13' 
required ** TT ^5^77' Or we may reason thus ; 

unless 
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unless the person draw a white ball first, the whole is 
at an end ; therefore the probability that he will have 

a chance of drawing a black ball is — , and when he 

has this chance, the probabilitjr of it's succeeding is 

öl 
— , or -; therefore the probability that both these 

events will take place is — x -, or — . 

^ 11 2' 11 



Ex. 3. 

(450.) The same supposition being made, what is 
the chance of drawing a white ball and then two black 
balls? 

The probability of drawing a white ball and then 

3 
a black one is — (Art, 449) ; when these two are 

removed, there are 5 white and 4 black balls left ; and 
the probability of drawing a black ball, out of these, 

is - ; therefore the probability required is "T ^ q == 
33' 

£x. 4. 

(45 1 .) Required the probability of throwing an acc, 
with a Single die, in two trials. 

The chance of failing the first time is £«, and the 

.5 
chance of failing the next is n ; therefore the chance 

of 
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.25 

of failing twice together is -^, and the chance of not 

25 11 
failuig, both tdmes, is 1 — -^, or — .. 

Ex. 5. 

(462.) In how many trials rtiay a person undertake, 
for an even wager, to throw an ace with a Single die? 

Let X be the number of trials ; then, as in the last 
Art. the chance of failing x times" together is J , and 
this, by the question, is equal to the chance of happen- 
ing, or Ä =-; hence, o? x log. g = log. -, or a:x 

log. 5 --log. 6 = log. 1 - log. 2, and ^= ^^^^lZ^og.6 

loff. 2 . , , . ^ ^ , 

=-; r^^ , smce log. 1=0; 1. e.x^S.S, nearly. 

log. 6 - log. ö' , ^ 9 J 

Ex. 6. 

(453.) To find the jprobability that two individuals, 
P and Q, whose ages are known, will live a year. 

Let the probability that P will live a year, deter- 

1 ' 
mined by Art. 441, be—; and the probability that 

Q will live a year, - ; then the probability that they 

will both be alivc at the ehd of that time is — X - 

m n 



1 
or — 
mn 



Ex. 7. 



268 CHAKCES. 

Ex. 7. #;. 

4 

(454.) To find the probability that one of them, at 
least, will be alive at the end of any number of years. 

The probability that P will die in a year is , 

w— 1 
and the probability that Q will die is ; therefore 



the probability that they will both die is ^ , 

* -^ -^ mu 

and the probability that they will not both die is 1 — 

m- l.n- 1 m + w-1 

or 



mn mn 



In the same manner, if - be the probability that P 

1 
will live / years, and - the probability that Q will live 

the same time (Art. 442) ; the probability that one of 
them, at least, will be alive at the end of the time is 1 — 

¥E±El^ or i±izl. 

pq ' pq 

(455.) If the probability of all event's happening in 

one trial be represcnted by — -^ (Art. 435), to find 

the probability of it's happening onee, twice, three 
times, &c. exactly, in n trials. 

The probability of it's happening in any one parti- 

cular trial being y the probability of it's failing 

in all the other w— 1 trials is >,;_^ (Arts. 435. 

a + 6]'* ^ 

447) ; 
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447) ; therefore the probability of it?s happening in 

one particular trial, and iailing in the rest^ is .^ ; 

and since there are n trials^ the probability that it will 
happen in some one of these^ and fail in the rest^ is 

n times as great, or .. The probability of it's 

happening in any two particular trials, and failing in 

a*i"~* w— 1 ^ . 

all the rest, is ==r-, and there are n. -— — ways in 

a + 6)'* 2 

which it may happen twice in n trials and fail in all 
the rest (Art. 230) ; therefore the probability that it 

n. a*fr* * 

will happen twice in n trials is . In the 

a+fc| 

same manner^ the probability of it*s happening exactiy 

w-1 w— 2 .- _, 
n. ■ ■,• flro** ' 

three times is ===== ; and the probability 

of it's happening exactly / times is 

w— 1 w — 2 W-/ + 1 ,, , 

w.-— — —— a'fr»-* 

2 3 ^ 



a+Äi 



(456.) Cor. 1. The probability of the evenfs. feil- 
ing exactly t times in n trials may be shewn^ in tbe 
same way, to be 

w. .— — - :; — a^ b\ 



^ + « 



(457.) Cor. 2. The probability of the event*s hap- 
pening 
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ON LIFE ANNUITIES. 

(461.) Toßnd the present value ofan annuity of 
£\. tohe continued during the life of an individual 
qfagivenage, allowing Compound interest for the 
money. 

m 

Let r be the amouiit of <£ 1 ., in one year ; A the 
number of persona, in the tables^ of the given age ; 
Ä, C, Z), &c. the number left at the end of 1, 2, 3, 

&c. years (Art. 440) ; then -^ is the value of the life 

C D ' 

for oue year, -> -j, &c. it's value for 2, 3, &c. 

years ; and the series must be continued tö the end 
of the tables. Now the present val ue of <£ 1 ., to be paid 

at the end of one year, is - (Art. 398) j but it id only 

to be paid on condition that the annuitant is alive at the 

end of the year, of which event the probabiHty is -j;^ 

\ 

therefore the present value of the conditional annuity 

B 

is -^ (Art. 434) ; in the same manner, the present 

C 

value of the second years annuity is ^; the present 

value of the third year*s annuijty is -j-3 ; &c. there- 

1 5" C D 

fore the whole value required is — : x — H — r H — r + &c. 

^ A r r* r^ 

to the end of the tables. 

(462.) De 
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(462.) De Moivre supposes, that out of eighly-six 
persons born, one dies every year, tili they are all 
extinct. 

This supposition is sufficiently exact, if our calcu- 
lations be made for any age above ten, as will appear 
from an inispection of the tables ; and on this suppo- 

sition, the sum of the series ~ x — + «-+— + &c. 

A r r* r^ 

raay be found. 

Let n be the number öf years which any individual 
wants of 86; then will n be the number of persons 
living, of that age, out of which one dies every year ; 

and , , , &c. will be the probabilities of 

bis living, 1, 2, 3, &c« years ; hence, the present value 

of an annuity of <£ 1 ., to be paid during bis life, is 

IS*— 2 71*^3 
+ T- + — -3r+&c. continued to n terms. The sum 



^. • w- 1.^ , w — 2^' n-.3.jp3 

of the senes 1 + to n terms, 

n n n * 






was found Art. 414. Ex. 3. to be 

w.l — wfI 

let j:=: -, and the sum of the series, 1 r- + 

r , nr »r* 



n — l.r — n+— — 7 
— r-+&c. to n terms, is , ; the pre- 

sept value of the annuity. 

s (463.) Cor. l. 
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(46ä.) Coä* 1. This expfessiati for the sum k the 

r 1 

.. wr — n /-"""^ 1 r ^ i -. 

Pbe the presentvalue of an annuity of <£ 1 .,to continue 

1 

certain for n ycars, then P=-. (Art. 402) ; and 

»* — 1 

r 

the expression becomes ^ — • 

r— i 

(464.) Cor. 2. The present value of the annuity 
to continue for ever, from the death of the proposed 

rP 

mdividual, is . 

n.r — 1 

■ 

For, the wfaolepresbnt value ofthe annuity (o con- 
tinue for ever, is (Art. 4,04) ; and if fix)!» this, 

it*8 value for the life of the individualbe taken, the 

rP 

remainder ' is the present Tälüe of the annuity 

w.r — 1 

lo continue for evcr, from the time of his death. 

(466.) To ßni the present value ^af an annuity of 
Jßl.f to he paid a$ long as two specified mdividuals 
are hoth living. 

Pind,_by Art. 4&3, the probabiiity that they will 
both be alive at the expiration of 1, 2, 3, &c. years, to 
the end of the tables ; call theseprobabilities a, S, c, &c. 

and 
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and r the amount of *£ i ., in one year ; then - "^ -7 + 

^+&c. is the present value of the annuity required. 
(See Art. 461). 

(466.) Tofind the present value of an annidty of 
£ l.j to be paid as long as either oftwo specißed indi- 
viduals is livt^. "- • ' 

Find, by Art. 454, the probabiUty that they will 
not both be extinct inl, 2, 3, &c. years, to the 
end of the tables, «nd catt these probabilities J, B, C, 

&c. then the present value of the annuity is — + -^ 

C 

+ P + &C. (See Art. 461). 

(467.) Cor. If the annuity be ilf£., the present 
value is Mtimes as great as in the former case, or Mx 

(4^8.) Th^se are the mathematical principles on 
which the valu^ of annujties for lives are calculated, 
and th? re^^njupg majy^ eftsily be applied to every pro- 
poiaed case. JBut ia praetice, these calculations^ as they 
^'i^quire the cojnHixatioa of eyery year of each life with 
the correspondin^g years of every other life concemed 
in the question, will be found extremely laborious, and 
other methods must be adopted when expedition i& 
required. Writers on this subject, are De Moivre, 
Mli^r^^ SiiDpapD» Price, Morgan, and Waring. 

1»£ £ND OF PA&T III. 

s 2 



• THE 



ELEMENTS OF ALGEBRA. 



PART IV. 



THE APPLICATION OF ALGEBRA TO GEOMETRY. 

(469.) 1 H£ signs made use of in algebraical calcu- 
lations being generale the conclusions obtained by 
their assistance may, with great ease and convenience, 
be transferred from abstract magnitudes to every class 
of particular quantities ; thus, the relation of lines^ 
suifaces, or solids, may generally be deduced from the 
principles of Algebra, and many properties of these 
quantities discovered, whieh could not have been 
derived from principles purely geometricaL 

(470.) Simple algebraical quantities may he repre- 
sented hy lines. 

Any line AB^ may be taken at pleasure to represent 
one quantity a, but if we have a second quantity^ h, to 
represent, we must take a line whieh has to the 
" rmer line, the same ratio that h has to a. 

Instead 
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Instead of saying AB represents a, we may say 
Aß:^ay supposing AB to contain as many linear 
Units as a contains nnmeral ones. 

(47 1 .) fFhen a series of algehraical quantities is 
to he represented on one line^ and each of them mea-^ 
sured Jrom the same pointy the positive quantities 
heing represented ly lines täken in one direction, the 
negative quantities nrnst he represented hy lines tahen 
in the opposite direction. 

Let a be the greatest of these quantities, then a—x 
may, by the Variation of x, become equal to each of 
them in succession. Let AB be the given line, and 
A the point from which the quantities are to be 
measured; take ABs^a^ and since a — x must be 

— $ 4 — ?L_5 

measured from A^ BD must be taken in the centrary 
direction =ar, then AD =sa — x; and that a-x may 
successively coincide with each quantity in the series, 
beginning with the greatest positive quantity, x must 
increase ; therefore BDy which is equal to x^ must 
inerease ; and when x is greater than a, BD is greater 

than AB, and AD, which represents the negative 
quantity a— or, lies in the opposite direction from A. 

(472.) Cor. 1 . If the algehraical value of a line be 
found to be negative, the line must be measured in a 
direction opposite to that which, in the investigation, 
we supposed to be positive. 

(473.) Cor. 2. If quantities be measured upon a 
line from if s intersection with another, the positive 
quantities being taken in one direction, the negative 
quantities must be taken in the other. 

(474.) If 



/ 
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(474.) If a fourth proportional, to Bnes ttejiresönting 

p^ g, rhe taken, it will represent ^; and if p = 1, it 

will represeat jjr ; if also, 9 and r be equal, it MM te- 
present j*. 

(475.) If a mean proportional between line«r repfö- 
scnting a and b be taken^ it will represent hj abj 
whieb, when a == 1 , becomes ^ b. Hence it appears, 
that any possible algebraical quantities may 1be repre- 
sented by lines; and conversely, lines may be ex- 
pressed algebraically ; and if the fielatiöns of thö 
algebraical quantities be known, the relattöns of the 
lines are known. 

(476.) TÄe relations qfsurfaces to each othermay 
be eocpressed algebraically* 

Let the sides ABy AC oi the rectangte AD con* 
tain the linear uiiits a, i, respectively ; then ah wilf 
be the number of superficial units contained in the 



A 


m 






. 


B 










■ 




C 


' 








D 



area. For, every unit in AS, oi* A, hiaift 6 units lA 
the area, corresponding to it ; consequently there ar6, 
upon thi whole, ah units in the atea. Thul äh is 
a proper representation of the rectangle AD ; and by 
redacing other sur&ces, to rectanglei^, theit algdiitaical 
values may be fottnd. 

CoE* 
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Cor. Hence, the product of the two quantities a 
and bf is often called their rectungk ; and when b k 
equal to a, this product 13 called the sqwre oji ß. 

(477.) In the same mamieF, iCa, i^ erepnesent the 
linear units in the three sides of a rectangular 
parallelepiped, abc will be the BUfiiber <^ soUd units 
contained in the figore ; aa(l consequently solids mäy 
be eooipated^ by coinpdnpg their a)gebcaica][ valupi. 

■' (478,) If the line Pil/ move paraUel tö it^elf upon 
the iudefUute line AP, ^xpd at the ^qte time iocrease 
or decrease^ the point il/will trace out a straight line, 
or a curve. AP is called the abscissa, and PM the 
Ordinate ; and the straight line^ or curve^ is said to be 
the locus of the point M. 

The nature of the curve depends upon the relation 
of AP to PM; and this relation, when expressed 
algebraically, is called the equation to the curve. 

(479O Having given the nature, or construction of 
the curve, ifs equation may befound. 

Let BM be a straight line cutting AP in a given 



T . 




unglc afi B, the relation ofAP to PM is expresfed by 
a simple eqfHation. 

' Suppöse AP ^x, PM-sty, AB^a\ then sinceäie 
ängtes'ät B, P and M are iüvariabt^ APbears an 
invariable ratio to PM, let this be the ratio of i : f . 

^ Then 
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Then since BP^AP^AB^^x^-aj we have x-a : 
y i\ h : c, and by=^€X'--ca^ or 6y— ca?+ca = 0. 

(480.) Cor. A simple equation belongs to a straight 
line; because, by ältering the valües ai b, Cy and a, 
and taking x and a, positive er negative, as the case 
reqüires, the equation htf — cx+ca^O may be made 
to coincide with any proposed simple equation. 

(481.) ToßndtheequatiimtothePBTBbohL. 

Let a point S be taken without the right line CB, 
and Ict the indefinite line SM revolve about the point 




S in the plane SBC; also, let CM, which is perpendi^ 
cular to CBy cut SM in M; then, if SM be alway» 
equal to CM^ the locus of the point itf is a parabola. 

Through S draw BSP at right angles to CB, and if 
SB be bisected in. A, the curve will pass through A, 
as appears by the constraction ; . draw MP perpendi- 
cular to BP, and let AP==x, PM^jfj A S^a\ then 
^P'^PM^^^SM^^CM'^) BP\ or jc^'+y» 
=^+a| ; thatis,^*-« 200^4-0 +y*=»a?*+2«Ä?+a%or 

(482.) Tb 
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, (482.) Toßnd the equatUmto the Ellipse. 

Let Iwo indefinite lines SM^ HM, revolve, in a 
given plane^ about the points S^ H^ and cut each 




othei: in M, in such a manner, that SM+MHmzy 
he an invariable quantity ; then the locus of the point 
M is an ellipse. • 

Bisect Äffin C, and from JM draw MP perpendicular 
tö SH, or ÄÄ^produced; let CP=^, PM^y, CS^c, 
SM^MH^2a. Then s/SP^TPW^SM, and 
^HP^ ^PM^ « HMi therefore y/ SP" + P3P + 

y /HP'^'PM * = SM+ HM, or \/c-j? r -fy> 
vc + ^P+y^==2a; hence, nA c-j?]* +y'= 2a- 




c-^xv+y^j and squaring bpth sides, c*— 2ca?+x*4y 

=»4a*-4axN/c+«f+y*+c* + 2car + x*+y'; that 

is, by transposition, 4a*+4ca? = 4a v c + a?]'+y% oc 

o* + ca?=a vc+^P+y^; and again squaring both 
sides, Ä* + 2a*ca?+c*a:^=a*c* + 2a*ca?+aV+ay, or 
ay =Ä* - a^if-^ä^-^d^ x x*; leta*— c* = i*, thena'y'= 

a"6*-iV, andy' = -;xa*— X** 



(483.) Cor. 1. 
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(483.) Cor. IJ If -y and /f coincrde, c=Ä a'i hence, 
«=a6, and y*=a*— j?V tbe e<|uation to a circjei, 

(4841) Cok. 2. When^Ä +d, or — ö, tbenj^^cir; 
therefore taking C-4 = CD = a, the curve pas3es through 
A and D. 

(485.) Cor. 3. If ^P=sä, then J? = a- äj therefore 

b* _— 6« 

y* = --x a* — a' + 2aÄ-Ä* = -;X 2aÄ — ä* ; the equa- 

tion which expresses the relation between AP and 
PM. 

(486.) Cor. 4. If ^Ä be finite, and SM^MH be 
indefinitely ipcreased, the limit to which the curve ap- 
proaches is, at all finite distances from S; k paräbolä. 

In this case z^ vanishes when compared with 2az,; 
therefore the Umit to which the equation iapproaches 

isy*s3-;;x2««; also, Ä*»«* — c* = a + c;^ a- c, and 
d 

since the difl^rtnce between « and e is finite and a 

18 infinite, a + c ia uUiijaateljr ^ual to 2ai bßp^i 

J'aBflax AS; therefore jr^ =s »»f^ - x Qax:^42iSxz; 



a' 



the equation to the parabola. 

(487.) Toßnd the equation ia the Hyperbola. 
Lct two mdcfinite lines SM^ HM revohe, in a 




given 
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given plaiie^ about Üie ppints S, Hy and cat eäch 
other in iü/, in such a manner that HM'^ SM may 
be a gtven quantity ; then the locus of the point M is 
an Hyperhola. 

Bisect SH in C, and drave MP perpendicular to 
HS, w HS produüed ; let CP=^x, PM^y, SC^c, 

HM- SM— 2 a. Then by proceedrng as in Art. 482, 

s/ X + cl* +y - ^X'-cf +y*Ä2a, and a*y* ä c* — a*. x" 
— aV— Ä*; in this case, 2 c is greater than 2 a 

(Eüc. 20. i;|, let therefore b^=zc''^a\ then ay = iV 

J* 

^ a* 
(488.) Cor. 1. The equation to the ellip^e, y* = — X 

a 



a' — x\ becömes the equation to the Hyperbola, if 6* 
be supposed to be negative. 



(489.) Cor. 2. Theequationy' = ~xa'-a?*niaybe 

a 

considered as the equation to any conic section : it is 

the equation to an Ellipse, when b^ is positive ; to a 

Parabola, when i* is' infinite (Art. 486) ; and to an 

Hyperbola, when J* is negative. 

(490.) Cor. 3- USM^HM^2a, a figure, similar 
and equal to the former, will be traced out, which is 
called the opposite Hyperbola. 

(491.) Cor. 4. If j: = ± o, then y = O ; therefore 
taking CA=zCD^a, the curve passes through A 
and Z>. 

(492.) Cor. 5. KAPssz, then CP, ovxszz+a^ 

and 
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and 1^— a*=Ä* + 2aÄ; hence, y*=— x «*+ 2aÄ, the 



a 



equation which expresses the relation between AP and 
PM. 

* 

(493 .) Cor. 6. In the opposite Hyperbola, a? = ä - a ;- 
therefore x* - a^^z^-^Qaz, and^*=: -^ xz*— 2az. 

(494.) Toßnd the equation to the Cissoid of Diocles. 

Let AB be the diameter of a semicircle ANB ; 
from the points R and P, taken always at equal 




distances from A and JB, draw RNy PM^ at right 
angles to AB, and join -^iV. meeting PM in M% 
the point M will trace out a curve called the Cissoid 
of Diocles^ 

From the nature of the circle, \^ÄxÄÄ = ÄiV* 
and by the construction, AR x ÄÄ= PB xAP\ also, 
from the similar triangles APMj ARN, AP : PM:: 

PB X PM 

AR : RN, or AP : PM :: PB : RN=:^^^4w^i 

AP 

PB^ X PM* 
and RN'= ^ IJi =PB x AP; therefore PB x 



^iP 



PM*^ 
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PM'^AP^. Let AB^h, AP^x, PM^yi then 
6— ^xy* = a?*, the equation required. 

(495.) Tojmd the equution to the Gonchoid of Ni- 
comedes. 

Let AB be a line given in position^ and about any 
point Cy taken without it, let the indefinite line CM 




revolve, and cut AB in J5; then if JBilf be taken 
always of the same length, the point M will trace out 
a curve which is calied the Conchoid of ^icomedes. 
Draw CAD and MP at right angles to AB, and MF 
parallel to it; let CA=a, AD=^EM=b, APa:iX, 
PM=iy. Then from the similar triangles CFM^ 

MPE, CF{a+y) : FM{x) :: MP(y) : PE^-^; 

and EM^ = EP^ + PM\ that is, Ä* = .Ä^i +y» ; 

therefore aHhy|*x b^^x^^ + a+y|'*x y% or a+y)'x 
A*-y*=x*y% the equation to the curve. 

If £M be measured in the opposite direction firom 
J5, the equation to the curve is a'^y|*x 6*^-y*=:«^y*. 

(496.) Tt» 
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(496.) Tp find the equatian to the Logaritbmic 
Curve. * 

If in the indefinite line AE, we take AB^ BC^ 
CDy &c. always equal to each other, and ordinales 




AF, BGy CHy Uli &c. be drawn at right angles 
to AEi and in geometrical progression, the curve 
FGHI &c. which passes through their extremities, is 
called the Logarithmic Curve. From the nature of 
logarithms (Art. 385), any abscissa AC is the loga- 
rithm of the corresponding ordinale CH^ in a System 
which depends upon the magnitudes of.^JPand BG^ 
fupposing .^A given ; in the same system, let 1 be the 
logarithm of a; also, Ict -^C^r j?, CM=y; then a? = 
log. y, and 1 = log. a, or j?=:^ x log. a ; therefore log. 
y =0? X log. a = log. af ; hence, y = a*, the equation to 
iba curve. 
; (497«) Having given the relation between one ab^ 
fcissa CP, and ordinate PM, in a curve, to find the 




s-^ 



relation between the abscissa SQ, which is measured 

Jrom u given point S in a given direction, and the 

Ordinate QM, which is inclined to PM at a given 

angle* 

Suppose 



V 
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Sttppose Pilf peipendici^r te CP-, produce MQ 
«hd DPC tUI they -meet iq G, draw Äß, ÄD, SF, 
respectively parallel to MG, MP, DC; and letsin. z 
KSE^pi »in. /5^£, or il/£a=»t; sin. zJ^MQ 

= j; sin. /MQÄ"=n; sin. zMF^, orMGP=Sito 
raä. 1 ; SB=FG=d, DC^f,CP=x, PM=y,SQ. 

=z, QM^v., ■ . '■ 

• ' ■ . 

Then U the 4riai»gle SOF, Jt : j» :: a : ^= QF; 

• » 

hence, GilBr=Gi^+JfTa+aM:±i+^ + »; and in 

s 

die tmngle MGP^ l ^s :: d+^— ?f-t; :^rf+j?a;+^v=: 

QV 

M%Oy m tbe triatogle MKCU m : 9 :- 1^ : -^= Ji^Qj «od 



m 
SK= SQ-KQ^z- ^; again,4n ,the triangle SKB, 

1 : m:: z-^ : mz^qv = SJE = DP^ ncuice^ J^- 



m« - yr =/- mz + qv:=: CP =a^; and if these talaes 
of «r >anid jf 4)e fobstituted -in -die ieqaatien wiiicb ropre- 
scvitstberdation ctf OPtö PM, an eqiiatmi is obtathed 
wbidi tepreü^nts tbe lelation q££Q to Q3£ 

(498.) Cor. 1. Since thevaluesof IT madyaiierepiie- 
•enled in eimple terms of z aud t^ the equation to the 
curve will rise to tbe same number of dimensions, 
whatever abscissa and ordinate are taken. 

(499.) Cor. 2. FromtheprinciplesofTrigonometry 
it appears, that m, n, and .9 may be found in terms of 
p and q ; therefore in the values of x and y, before 
obtained, thcre are ott\y four independei;^ irrrartable 
^laaiitities dy f, p^ and q. 

(500.) Cor. 3. 
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(500.) Cor. 3, If the curve be a conic section whose 

centre is C and axis CP^ then ä^y^ = i* x a* — ** 
(Art. 489), and substitutingfori^ and^ their values, we 

haye a^xsd^ + p^+sv]* ^li^xa* ^f'^ ^^ + 9^1% ^^ 
arranging the terms according to the dimensions of v^ 

+ q^bO ^2mqh0 +2fqb ) ^ = O. 
+m*Ä*\ Ä* + 2spdä'\ z 4- **d'a^ 

(501.) Cor. 4. The equation obtained in the last 
articie may be made to coincide with any equation of 
two dimensions Av^ '\-Bzv + Cv + Dz* + Eä + F= O, 
by equating the coefficients of the corresponding terms; 
becaiise we «hall have six equations to determine the 
six indqpendent quantities, d*, b\ d, fy p^ q. Hence 
it foUows, that every equation of two dimensions 
belongs to some conic section. 

(502.) Having given the equation which expresses 
the relation between the ab^cissa and ordinate, the 
curve may be described, 

For, any abscissa being assumed, the correspondipg^ 
vakies of the ordinate are known from the equation ; 
and thus, by assumingdifferentvaluesof the abscissa, 
the curve may be traced out. 

(603 .) Ex. 1 . If i?3^ s i^ + e df be the p^posed equa- 




tion, it belongs to a right line (Art. 480). Let the 
abscissa be measured from the point A, along the line 

AB; 
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AB ; then, when ä?=0, we Jiave y^ — ; from ji^ 

a 

therefore, draw AC making a finite angle with AB, 

cd 
and equal to — , and the line which belongs to the 

proposed equation must pass through C. Also, if y = 0, 

-crf 
then 0? = — T- ; take therefore, upon the line ADPy 

cd . * . 

AD^-^j and the Hne tp which the equation belongs 

must pass through D ; therefore DCM is that line. 

(504.) Cor. If AP be taken to represent any value 
of X, and the ordinate PM be drawn parallel to AC, • 
PikT will represent the corresponding value of ^. 

(505.) Ex. 2. Let the equation to the curve be 
öj?=y*; then, when x=0, we have y^Oy or the 
curve passes through A\ when x is positive, y=s ± 

ßjlix^ and when x is infinite, these values are still pos- 
sible ; therefore the curve has two infinite «res lying 
the same way Irom A ; but when x is negative, y 




becomes impossible ; therefore no part of the curve lies 
the other way. 

T (506.) Ex. 3, 
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(506.) Ex.3. Let the equation to the curve be xi/ ^ahi 
tnen, when x is indefinitely small,^ is indefinitely great, 
and when j? tspositire and indefinitely great^y is positive 
and indefinitely small ; therefore the curve will liave 




two infinite arcd between thelines-^JBand^/^J?; also, 
wheii X is negative, ^ is negative, and when infihite, 
y is infinitely small, and when x is infinitely small »^ is 
infinkely great ; therefore the curve will have two 
infinite arcs between Ab and AF. 

These lines EF, Bby which continually approach 
to the curve, and whose distances fi*om it become, 
at length, less than any that can be assigned, but 
which produced ever so far do not meet it, are called 
Asymptotes. 

(507.) Ex. 4. Let;r*-aV+ay = 0; then,y=± 

-a/o^-P; and when x is nothing, y is nothing, or 
the curve passes through A^ the point from which x 




is measured* When a?=s±ä, then ^=0; therefore 

the 
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the curve passes through By and b, supposing AB s 
jibssdza; but if ^ be greater than a, y becomes 
impossibie ; thereföfe ifio part of the curve lies beyond 
Bovh. 

(508.) Ex. 5. To find the conic section to which 
any proposed quadratic equation belongs. 



Lct ay* + 6+cx.y4-rf+ eaf ^y^^O, a general 

: eqaation of two dimensions^ be the proposed quadratic ^ 

1 o J + cr d+ex+fx^ , i • * 

then yr H xy = *^- — ; and completing the 



a ^ a 



h-vcx . & + ca? 



Square, y+ — — x y + 



_ b + co^ , __ d+€X +fa? 
2a I a 



a "^ 2a 
b'^ + 2bcx + cV— 4arf-4fleir— ^^f^ ^ 
"^ 4 a» ~ 

c*-4a/'xar* + 36c-4aex j? + 5*-4flrf i ^ ^. 
—^ ^ i— ' — and extractmg 

b"^ ex 
the Square root, y + — r = 

m 

^ V c' — 4a/'.j?* + 3frc — 4ae.a:+i*— 4arf .. 

± ' y — ^ % aiid y = 

.' 2 a 9 y 

-a-ft-f crg±\/c^-"4a/.ar*4-2^c-4ae^*f ft* — 4flif 

^ ^ • 

2a 

« 

Hence, 1 . If c* — 4 o/* be positive, then, when ± j? is 
infinite, y has four possible values ; therefore the curve 
bas fbur infinite arcs, or it is the hyperbold. 

2. Ifx^*-4a/*3 0, the curve bas only two infinite 

arcs; becausq, when I2ic-4ae.a: + i^ — 4 aif becomes 
negative, the values of y are impossibie ; and the curve 
iB % parfo^b^la. Bat if llio-4a<beal80sO, thenyss 

TS ^h 
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^b+cx±s/b*'-4ad , , ... . . • 

- — —^ ; and when i' is greater than 

4arf, the curve becomes a right Une. 

3. If c' — 4 ö/ be negative, the cui-ve has no infinite 
arc ; for, when ±xis infinite, the values of y are im- 
possible ; hence the curve i» an elUpse. 

3. Ifc*- 4«/* be negative, 2äc — 4ae=0, andfe* — 
4a£fbeaIsoO, or negative, all the values of y are 
impossiblc ; in this case the ellipse wholly vanishes. 



ON THE CONSTRUCTION OF 

EQUATIONS. 

(509.) The relation betveeen the abseissa and Ordi- 
nate of a conic section is expressed by a quadratic 
equation, in which, for every dififerent value of the 
abseissa, there are two corresponding values of the 
Ordinate, and if the abseissa be so drawn, and the 
conic section so constructed, that it's equation coih* 
cides with a proposed quadratic, the two ordinates 
will be the roots of that quadratic, which may be 
determined to a tolerable degree of accuracy by actual 
measurement. 

Let MCM be a circle (a figure niore easily de- 
scribed than any other conic section) whose centre is , 
A and radius AM\ take AP an abseissa, PMz\\ Ordi- 
nate meeting the circle in il/and M\ join AM^ and 
drawil/Ä at right angles to AP ; let AP^x^PM^y\ 
AM^r, and the cosine of the an^e APM (to the 
radius l)=c; then 1 : ct: PM i PB^cx PM^cyy 
^ "' ^ '^ and 
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zxiAAM^mAP^+PHP^aAPx BP, or r^^j^+y*^ 




ücxy; thatis,y* — 3cxy+a?*— r* = 0; which equation 
may be made to coincide with any propdsed quadratic. 
Ex. Let the rootsofthe equation y* - py + j' = O 
be required. 

Here 2 ex =p, and o?* — r* = y ; and since there are 
three undetcrmined quantities c, x, and r, and only 
tvro conditions to be ansvrered^ one of these quanti» 
ties may be assumed^ of any finite magnitude^ at plea- 

sure : 8upposec=l, thenx=^, r*=j?*— gr=s21- — gr, and 

^ = V -^ - y ; and since the cosine of the z APM^ 
radius^ PM coincides with PAD\ let therefore a 
circle be described with the radiüs \/P,^q^ cutting 

the line DJP in D .nd C, Uk. AP^S. .„d the 

roots of the equation are PC and PD. 

(510.) The intersections of two conic sections, may 
be determined by a biquadratic equation, and if the 
figures be so drawn that this biquadratic coincides 
with a proposed biquadratic, the roots of the latter 

equation 
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equs^on tnay be found by measuring the ördinatss 
which determine the points of intersection. 

Let MMMM be a parabola whose axis is AP^ 
MM mm a circle whose centre is C and radius CMy 
cutting the parabola in the points M, M, M, M; 




firom these points draw the ordinates to the axis, MP, 

MP, MPy MP, and from C draw CD perpendicular 
to the axii, and CW parallel to it^ meeting PM in 
N. Let AD::^a^ DC^b^ CM^n, the parameter of 
the parabola =/?, AP^x^ PM^y\ then px^y^% 

also, CM'- CN'+NM\ orn»=?r^*+y^*3 i-«- 
a?*— 2 a^ + fl* +j/^— 2hy + lP=n^\ and substituting for 

» it-s value ^^ and arranging the terms according 

tp the dimensions of y, we obtain y^ - 9pa-'p\y^ — 
2bp*y+p^x a*-r6*-«* = 0, a biquadratic equation 

whose roots are PM^ PM, PM, and PM, and which 
may be made to coincide with any proposed biquadra- 
tic whose second term is wanting. 

Ex. Let the roots pf the equation y^ - qy"^ + ry-^s 
s=:Q be required. 
. Assume 
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A8sumej9=l; then2a- Issg'^oras^— — i^2b:sry 
. ori=:~ ; a* + i*-n*=i -5, or w* = a* + 6*+^^ and 

« » 

Gonsequently^ «=\/a*+6*+Ä; 4escribe a parabola 
whosq parameter is 1 , and, in theaxis» take AD = * - ; 

draw DC at right angles to it, and — ; from tlie 

centre C, with the radius^y «* + b*+s, describe the cirde 
MmMM cutting the parabola in the points My Mj 
My My then the ordinales to the axis, PJ/, PMy PM, 

and Pm are the roots sought. 

(511.) When Z)C represents a negative quantity, 
the ordinales on the same side of the axis with C 
represent the negative roots of the equation ; and the 
contrary. 

(612.) Cor. 1 , If the eircle touch the parabola, two 
roots of the equation are equal ; if it cut it oi^ly in 
two points, or touch it in one, two roots are imposr 
sible ; and if the eircle fall whölly within or without 
the parabola, or, if a* -f i* + ^ be negative, all the roots 
are impossible. 

(513.) CoH. 2. Ifa*+Ä* = n*, or the eircle pass 
througb the point Ay the last term of the equation 

p* x«* + A'* — w" =± ; therefore y* — 2pa - p\y^ — ^bp^ 
=0, or y^ - ^pa—p^.y — 3 ij9*= o, a cubic equation, 
which may*be made to coincide with a proposed 
cubic whose second term is wanting, and the ordinales 

Pilf, i^ilr, i^Jr are its roots. 

(514.) Cor. 3. 
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(514,) Cor. 3. Ifa*+i*— «*=0, and also 5=0, thc 

equation becomes y'- 2/ia— p*=:0; by means of 
which, any quadratic, wanting the second term, may be 
solved. In this case, the circle passes through the 
Vertex of the parabola, and it's centre falls in the 
axis. 

These Solutions may be obtained, and nearly in 
the same manner^ by means of any two of the conic 
sections. 

(515.) If the roots of a cubie equation, 0^ — qx + r 
Ä O, be possible, they may be found by means of a 
table of cosines. 

Let DAC be an angle whose cosine, to the radius 
VI, 13 X; in ADj take AB « m; from jB as a centre, with 
the radius BA, deseribe a circle cutting AM in C, and 




fi'om C, with the same radius, deseribe a circle cutting 
AD in D; join BC, CD, and draw BK, DM at 
right angles to AM, and CL at right angles to AD. 
Then, the triangles jB^Cand BCD being isosceles, the 
angles fi^Cand jBC/^areequal, asalso CÄDand CDB; 
and the perpendiculars BK, CL bisect the bases AC, 
BD. Also, z DBC== z BAC+ z BCA^ 2 z BAC, 
and z DCM=: z CAD+a CDA== z CAD+z CBD 
=? z CAD + 2/: CAD^S z CAD. Let CM, the 
cosine of the z DCM to the radius m, be called c ; 
then,fromthe similar triangles ^jB/ri-^CL,-4i? : AKii 

AC : ALy OYfH : X :: 2x : — = AL, and AL^AB 
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m m ■ 
again. AB : AK :: AD : -^M, oriw : x :: m:-~ 

fore 4ar'— 3m^a? = m%and4jf-3m*i?- w*cx=0. 

3w* 
Let the equation 4^;^ — 3 w*a? - m'c= O, orjp' — 

^^ = 0, be made to coincide with the equation j? — yÄ?+ 

r = 0; that IS, let -— ^j, and -~=a -r ; or m = 
4? _. 3r 



4 



\/p 




', and c= ; then. from a table of cosines^ 

3 q 

find the angle whose cosine is— -*•, to the radius 

■■■Hl«» 

■-2, and the cosine of one third of this angle^ to 

the same radius, is one value of x. 

(516.) Cor. 1 . If ^ be the are whose cosine is c, and 
P the whole circumference, c is also the cosine of 

A+P,orA+2P\ therefore the cosines of • — r — 9 and 

-— — are also values of x. 

3 

(517.) Cor. 2. Since the radius is greater thanthe 
cosine, y -—^ is greater tlian - — , or -^ is greater 

than — T-; that is, -l. is grreater than t ; therefore this 
q ' 27 o 4 ' 

Solution can only be applied when the roots of the 
cubic equation are possible« (See Art. 331.) 

GENERAL 



ags 
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GENERAL PROPERTIES OF CÜRVE 

LINES. 

(518.) A curve is said to be of iz dimensions, when 
the equation belonging to it rises to n dimensions. 

Let y" — Ä j? -f 6.^"""* + ex* + cfx + e.y"""* '-&c + 

g':c*+ÄJp""'+/a:*"* + &c.=0, a gener^I equation of n 
dimensions, express the relation between the abscissa 
and Ordinate of a curve^ then for every diflerent value 
€f X, there are n values of^; therefore the ordinale 
will cut the curve in «, or in n — 2, w — 4, &c. points, 
according as the equation has n, or n - 2, n — 4^ &c. 
possible roots. 

(5 19.) Cor. 1 • Hence, if the equation be of an odd 
number of dimensions, the curve will have, at least, 
one infinite arc on each side of the point from whicb 
the abscissae are measured ; for, whatever be the value 
of X, therc is, at least, one possible value ofy corre« 
sponding to it (Art. 278). 

(520.) Cor. 2. ax + b is the sum of the ordinales, 
cjf + rfa? + e the sum of the products of any two, &c. 
and ^Ä^+ Ax*"' + Ix^"^ + &c. is the product of all the 
ordinales (Art. 271)* 

(521.) If ttvo parallel lines, MM, NN, bedrawn 




m 
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m 



in a cyrve^ and he cut hf the right line AQ, in mch 
a n^ßnner^ that in each cflse, the sum of the prdinates 
4m one wl^ ^^Q is.equal to the mm qf the ardinates 
9n the other, üU lines draum in the curve, parallel tß 
these, will be cut by AQ^in the same manner ^ 

Let y*— ox + *.y~' + cj?* + ^+ey"* - &c. =0 b^ 
the equation to tlie curve, reckoning the abscisrä 
from A ; also, let AP = q, AQ ^ r ; then the^uatioB, 

iq the two ca«es, becomes y*— a54-6.y'''"' + &c.ÄP, 

and y'''-ar-\' 6.y"~ ' + &c. =0 ; and since in each case, 
the sum of the positive ordinates is equal U^ the rara 
of the negative, a^ + &sO, and ar^h^O\ htA by 

subtractton a x r — j = o, or a *= O; hence, 6 = 0; ihere- 
fore whatever be the value of x^ ax + h-s^O^ or the 
sum of the ordinates on one side of AQ is equal tö 
the sum of the ordinates on the other. 

(522.) The line AQ is called a diameter o[ the 
curve.- 

(523.) If the abscissa APE, atid Ordinate NPQ 
cut a curve in as many points as it has dimensions. 




the rectangle under the segments ofthe abscissa^ PB 
X PC X PDx P£, will be to the rectangle under the 
ordinates, PM x PN x PO^ PQ, in an invariable 
ratio. 

Let 
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Let ,y - ax+ h.y^"^ + &c +g!xf' + Äaf ""' + /ä*-* 

+ &c. = O be the equation to the curve ; then gaf + 
hoir-^ + IciT^^ + &c. = PM X PN X PO X PQ 
(Art. 5ÖÖ); also, the values of a?, wheny = 0, are-^JB, 
jiC, Ad, AE^ that is, the roots of the equation ga^ 4- 

Äar'*-'+/x~-*+&C.=:0, 0X3^"+ + +&€.=: 

g g 

O, are .^Ä, AC, AD, AE \ and consequently the 
quantity 0:»+-^^^^ — + + &c. = AP - AB X 

AP-ACxAP'-ADxAP^AE^PBxPCxPD 

X PiB(Art. 269); ^nd gaf^har^^ + laf-^+kc^gx 
PBxPCxPDxPE= PMx PNx POxPQi there- 
fore PBxPCx PDx FE : PMx PNx POx PQ 

:: 1 : g. 

(524.) Cor. If ns=2, the curve is a conic section 
(Art. 501); and if the abscissa be a diameter, or the 
ordinales on eaeh side of it, PM, PO, equal to eaeh 
other, the rectangle under the segments of the ab- 
scissa is to the Square of the ordinate in an invariable 
ratio. 

(525.) Ifthere he n right lines, BM, Cjif, DM, ^c. 

1 V 

and PM, PM, PM, Sfc. he ordinates to the abscissa 




AP, the rehtign between the abscissa and ordinates 
will be expressed by an eqtmtion of the form y"— 

Ax + B.y"-'+Cx*+Dx + E.y°-*-^c.=0. 

For 
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For \i AP^x, then PM^ax^-h, P]^=:cx + d^ 

Pm^ex+fj &c. where a, h, c, d, e, y are invariable 
(Art. 479) ; that is, die values of y are ax + 5, cx+rf, 

cj?+y &c. therefore y" — a+c+e.., x j: + 6 + rf+y...x 
y*'"' + &c. = 0, and if -^=a + c + e...., 5 = 6+^+/*...., 
&c. y - Ax+B.y""- " + &c. = 0. 

(526.) If a curve have as many asymptotes as it 
hos dimensionsy and a right line he drawn which cuts 
them allj the parts of the line measured Jrom the 
asymptotes to the airve, will together he eqtwl to the 
parts measuredj in the same directum, front tfie curve 
to the asymptotes. 

Let y'* — ax + 6.y*"'+&c, = be the equation to 

the curve, and y"* — Ax + B.y''^^ + &c. = the equa* 
tion to the asymptotes (Art. 525) ; when x is infinite, 
the former equation becomes y^-axy'*'"' +&c,i:0, 
and the latter y" — Axy"*"^ + &c. =sO, and these equa- 
tibns coincide (Art. 506), therefore A^a\ also^ax+fr 
is the sum of the ordinates to the curve, ^nd Ax-^B, 
or ax + iB, is the sum oF the ordinates to the asymp* 
totes, in all cases ; hence, the difierence of these, b-B, 
is an invariable quantity, whatever be the value of j?; 
and at an infinite distance this difference is nothing 
(Art. 50b') ; therefore it is always nothing, or 6 = JJ; 
consequently ax+b:=Ax + B; thatis^ the sum of the 
ordinates to the curve is^ equal to the sum of the ordi- 
nates to the asymptotes. 

Let QONM be the curve, AP the abscissa, PQ an 
Ordinate, meeting the curve in the points Af, A^, Ö, Q^ 
and the asymptotes in a, h, c, di then PM + 
PA^+PO + PQ=Pa+P6 + Pc+Pi^andbytran8. 

Position^ 
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posiüoii, PM^Pa+PO'-Pc^Pb^PN+Pd^ 




PQ, or aM+cO=Nb+Qd. 

(627.) Cor. In the common hyperbola MCN, 
tvho«6 centr« is O, and aisymptotes Oa^ Ob, if any Kne 



o<^ 




aMNb be drawn <5Utting the curve in M, N, and the 
asymptotes in a, b, then aM is equal to Nb. 

(&26.) ijfa straight line DCm &e made to revolve 

t ff 
about Cy and cut the curve MMM in as maxtg pmnts 

OS it hos dimensions; and if-Q^ he alwaj/s tqken equaX 

tQ 
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<-^ CM CM 
will be a strcdght Um. 

Let ABP be an abscissa, and from M and D drailr 




MP^ndDB at rig ht angles to ABP, and let 

y'*— aj?+Ä.y"-* +jpx""-* + ga:«-* + &c.y + P«^ + 

Qa:^"* + &c. = O be the equation which represents th« 
relation of ^P to Pill Also, let AC^Zy CM=v, 
CB=w, BD=u ; sin- z MCP^s, sin. z CMP^c, to 
radius 1. Then 1 : « :: v : svzzy-, and 1 : c:: t^:ct^=: 
CP ; hence, x = AP =z+cv. If these values ofx and 
y be substituted in the equation to the curve, therela- 
tion ofAC to CM will be known ; and the coefficieat 
of the last term but one of the transformed equation^ 
divided by the last term, will be the sum of the 

reeiproeaU of it's roots, or -77»+ — r r- — icc 

^^ Clk CM 

(Art. 273) . Now, since o? = ä + cv, 



+n.~i«*-VV+&c. 



I*t 
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W— 2 ._, 



j?*-* = Ä*-* + n - 2.ä"-3c« + n"^.— ^ jB*-"^cV + &c. 

and substituting these values for x and it's powers, 
and SV for y, in the terms of the original equation, we 
have the two last terms of the transformed equation, 

X cv, and P«*+ Q^""** +&c. divided, respectively, by 
^y all the other terms involving the Square or some 
higher power of %> ; hence, 

+ — r r-&c. = 7r77;=- , ^ ■■ > and * x 



^^ cifcf c;& ^'^ V^^+"^ 



-^ , X Pä"+ ÖÄ''"' + &c. 



1 

Also, from the similar triangles MCP, ÜCD, 

, ti; 

^ii;'+««;«;:;l:c = ^^,^^, ; 

therefore-p===x /?«'•- ' + ?«•• '+&c.-f z,^. , ^^^^ 
X nP«"-' + « - 1 . Q»"-* + iScc. = 



^y «;* + w"" 



P«" + Q*'*"' + &c. or wxpaJ""'' + yÄ''""*+&c. + ti;x 

since 
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since the point C is fixed^ AC^ or %^ is invariable ; 
therefore the relation between w and u^ or CB and 
BD^ is expressed by a simple equation^ that is, the 
locus of the point /> is a straight line (Art. 480). 

(6 29.) In the general equation y* — a + Äx.y "" ' + &c. 
= 0, if J7 be so assumed that two roots are impossible, 
two values of the ordinale belonging to this abscissa 
are impossible, that is, there are no lines which re- 
present them. Hence it is evident, that in deducing 
the properties of the ordinales from the equation to 
the curve, we must suppose all the roots of this equa* 
tion possible ; because, though the suihs, powers, pro- 
ducts, &c. of such impossible quantities may become 
possible, and their relations, discovered by an algebrai- 
cal process, may be expressed by possible quantities, 
yet the reasoning does not extend to curves, in which 
the original quantities cannot be represented. 

On the subject of Algebraical Curves, the Reader 
may consult Dr. Waring's Propne/a^e^y Algehraicarum 
CurvaruMy and Euler's Anal. Infimtorum. 
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